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Abstract 
A slender filament moving in a fluid at low Reynolds number experiences a force per unit length 
due to the relative motion of the particle and the local fluid velocity that is O(1/ ln(2𝐴)). Here, 
aspect ratio (𝐴 = 𝑙/𝑎0) is defined as the ratio of the size of the particle (l) and the cross-sectional 
dimension (a0). Using a regular perturbation of the inner solution for a slightly non-circular cross-
section, we demonstrate that a slender filament can experience a force per unit length of 
O(𝛼/(ln(2𝐴)𝐴)) driven by the gradient in the imposed fluid velocity. Here, 𝛼 is the amplitude of 
the non-circular perturbation. Our theory also evaluates a contribution to the additional force per 
unit length of O(𝛼/ ln2(2𝐴)), discovered first by Batchelor (1970), which arises from the flow 
field generated by the force per unit length of the unperturbed circular cross-section and therefore 
driven by the motion of the particle relative to the local fluid velocity. We elucidate the features 
of the cross-sectional shape that affects the force per unit length in a given imposed field. We 
propose a two-dimensional Stokes flow calculation to extend the perturbation analysis for cross-
sections that deviate significantly from a circle (i.e., 𝛼 ~ 𝑂(1)). We illustrate the ability of our 
method to compute the resistance to translation and rotation of a slender triaxial ellipsoid. We also 
demonstrate the dynamics of a self-dispersing rod that translates diffusively and rotates chaotically 
in a simple shear flow. Finally, we show that the force per unit length driven by the velocity 
gradient acting on a ring can lead to migration of the particle orientation relative to the periodic 
trajectories of a torus, while the force per unit length driven by the relative motion of the ring and 
the local fluid can lead to migration across streamlines.  
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1. Introduction 
The force per unit length experienced by a slender filament with a circular cross-section at 
low Reynolds number, to leading order, is qualitatively similar to the viscous drag experienced by 
a long circular cylinder due to its relative motion with the local fluid velocity. Here, we 
demonstrate the existence of an additional force per unit length driven by the gradient in the 
imposed fluid velocity and explain its dependence on the shape of the cross-section. In this study, 
we use regular perturbation of the inner solution of the slender body theory formulation to 
understand the nature of the velocity disturbance. We also present an integral equation for the force 
per unit length experienced by the slender filament along with its dependence on the cross-
sectional geometry. The force per unit length due to the non-circularity of the cross-section, has 
two components, one which is driven by the gradient in the imposed fluid velocity and another 
which is driven by the motion of the particle relative to the fluid, a component first presented by 
Batchelor (1970). We propose a numerical calculation in a two-dimensional domain (section 3.3) 
that allows one to extend our slender-body theory formulation to particles with a general cross-
sectional shape.  
Our theory accurately predicts the resistance to rotation and translation of a slender triaxial 
ellipsoid (section 4). In section 5 we demonstrate that straight particles with a three-lobed cross-
section, shown in figure 1 (c), rotate and migrate quasi-periodically in a simple shear flow (SSF) 
because of the force per unit length driven by the imposed velocity gradient. A straight particle 
with a combination of a two and a three-lobed cross-section, shown in figure 1 (d), can diffuse in 
space while rotating chaotically. Our work allows for the inclusion of these dynamics which can 
potentially impact the rheology of a suspension of straight particles. In section 6 we also identify 
cross-sectional shapes that allow a ring to attain an equilibrium orientation in a SSF (Singh, Koch 
and Stroock, 2013) in contrast to the periodic rotation of a ring with a circular cross-section. Our 
slender-body theory formulation predicts the translational and rotational dynamics of rings with 
varying aspect ratios for any cross-sectional shape. The theory presented here can be utilized to 
predict the structure and rheology of a suspension of aligning rings which is expected to be 
qualitatively different from that of rotating particles. 
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Slender body theory (SBT) allows for an approximate solution of the governing equation 
modelling a physical phenomenon that is affected by the presence of bodies which are long and 
thin. The governing equations of highly viscous flows (Stokes flow), potential flows and heat 
transfer have been solved using the SBT formulation to solve a wide range of problems. Potential 
flow problems that include animal locomotion (Lighthill (1960, 1971)), force on airship hulls 
(Munk, 1924), force on wings (Jones, 1946) and ship hydrodynamics (Newman, (1964, 1970)) 
have been solved using SBT. Steady state heat transfer in composites (Rocha and Acrivos, 1973 
(a) & (b); Chen and Acrivos; Acrivos and Shaqfeh, 1988; Shaqfeh, 1988; Fredrickson and Shaqfeh, 
1989; Mackaplow and Shaqfeh. 1994;) and transient heat transfer in ground-source heat pumps 
(Koenraad, Koch and Tester, 2014) are a few applications of SBT for steady state and transient 
heat conduction respectively. In the realm of highly viscous flows, problems involving flagellar 
hydrodynamics (Johnson and Brokaw, 1979), structure and rheology of fiber suspensions 
(Mackaplow and Shaqfeh. (1996, 1998); Rahnama, Koch, Iso and Cohen (1991); Rahnama, Koch 
and Shaqfeh, (1995)) and separation of racemic mixtures of screw shaped particles (Kim and Rae, 
1991) have been solved using existing SBT techniques for Stokes flow (Cox (1970); Batchelor 
(1970); Keller and Rubinow (1976); and Johnson (1980)).  
The basic idea in SBT is to obtain the strength of a line of singularities placed along the 
centerline of the slender filament that approximates the field of interest around the filament far 
away from the cross-sectional surface, termed as the outer region, i.e, 𝑎0 ≪ 𝜌. Here 𝜌 is the radial 
distance from the centerline of the slender filament, and “𝑎0” is the measure of the cross-sectional 
size of the particle as shown in figure 1 (a) at a certain location along the centerline of the slender 
body. The singularity for a potential flow problem is a point source of mass, for a heat transfer 
problem a point source of heat and for a Stokes flow problem a point force. The strength of the 
singularities is found by matching the field approximated in the outer region (i.e, 𝜌 ≫ 𝑎0), termed 
as the outer solution, to a field obtained from the inner region (i.e, ρ ≪ l,  where l is the length of 
the slender filament), termed as the inner solution. Higher order singularities can also be placed 
along the centerline of the slender filament to get a better estimate of the field of interest.  For a 
Stokes flow problem, which is the main topic of discussion in this paper, these singularities would 
include doublets, rotlets, sources, stresslets and quadrupoles (Johnson, 1980).  
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(a)    
 (b)  (c)  (d)  
Figure (1). Local coordinate systems in the particle reference frame and the perturbed cross-
sectional shapes representative of the cross-sectional geometries studied here. (a) Local coordinate 
system for a general curved body. 𝒆𝒛 is along the tangent to the filament axis, 𝒆𝒙 is along the 
normal and 𝒆𝒚 is pointed along the binormal to the centerline of the slender body (𝒓𝒄). (b) 
Schematic of a two-lobed shape (S-I), given by 𝜌 = 𝑎 (1 + 𝛼2 𝑐𝑜𝑠(2𝜃 − 2𝜃02)). (c) Schematic of 
a three-lobed shape (S-II), given by 𝜌 = 𝑎 (1 + 𝛼3 𝑐𝑜𝑠(3𝜃 − 3𝜃03)). (d) Schematic of a shape,  
which is a linear combination of the two and three lobed shapes given in (b) and (c), given by 𝜌 =
𝑎 (1 + 𝛼2 𝑐𝑜𝑠(2𝜃 − 2𝜃02) + 𝛼3 𝑐𝑜𝑠(3𝜃 − 3𝜃03)) (S-III shape). “𝑎” the radius of the equivalent 
circle is allowed to vary along the centerline of the filament. 
In Stokes flow, the force per unit length exerted by the body on the fluid (i.e. the strength of 
the singularity) is derived at each point along the centerline of the slender body in terms of the 
motion of the particle and the imposed fluid velocity. The length, “𝑙”, an appropriate velocity and 
the fluid viscosity are used to non-dimensionalize all variables throughout this paper unless 
mentioned otherwise. The force per unit length exerted by a slender body on the fluid, which is 
5 
 
due to relative motion of the particle and fluid, can be expressed as a series in 𝜖 = 1/ ln(2𝐴) (Cox, 
1970 and Batchelor, 1970), where 𝐴 = 𝑙/(𝑎0) is the aspect ratio of the particle. The first term in 
this series arises only due to the local relative velocity between the particle and the fluid and is 
O(𝜖) (Cox, 1970 and Batchelor, 1970). Cox (1970) was the first to demonstrate that the force per 
unit length is affected at O(𝜖2)  by the centerline curvature, as long as the centerline curvature is 
much larger than the cross-sectional size of the slender body (see equations (6.2) and (6.3) of his 
paper). Keller and Rubinow (1976) gave an integral equation for the force per unit length which 
can be iteratively solved to obtain higher order corrections to the force per unit length with errors 
of O(𝜖𝑁), where N is an integer such that 𝑁 ≥ 2. Johnson (1980) produced an integral equation 
for the force per unit length with errors of O(1/𝐴2) which also included the effects of the ends of 
the slender body (equation (19) of his paper). Johnson (1980) also described a method to 
incorporates the effect of centerline curvature in the inner solution (equation (31) of his paper).  
Batchelor (1970) first accounted for the dependence of the force per unit length on the cross-
sectional shape of the slender body. He showed that the cross-sectional shape of the particle first 
affects the force per unit length at O(𝜖2), the same order of importance as the centerline curvature 
of the body. Batchelor (1970) described how the force per unit length for an arbitrary cross-section 
can be found by solving for the longitudinal velocity field due to an equivalent circle of a certain 
radius, and the transverse velocity field due to an equivalent ellipse of certain dimensions and 
orientation. Batchelor (1954), provided the method to obtain the equivalent circular cylinder by 
solving the harmonic equation for the flow along the longitudinal direction of the slender body. 
Batchelor (1970) described the procedure to obtain an equivalent ellipse by solving the biharmonic 
equation for the velocity field in the transverse plane around the cross-sectional shape in question. 
Cox (1971) was the first to account for the effect of the gradient in the imposed velocity of a 
linear flow field on the force and torque acting on a slender cylinder with sharp edges, which was 
oriented such that the imposed velocity field at the particle centerline is exactly zero. Cox placed 
a force and dipole per unit length along the centerline of the body to approximate the velocity field 
in the outer region, while Keller and Rubinow (1976) employed a stresslet and rotlet per unit length 
for the same purpose. Singh, Koch, Subramanian and Stroock (2014) discuss the equivalence of 
these two formulations by showing that the variation of the force per unit length leads to a net 
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stresslet and a rotlet on a slice of the particle. The rotlet per unit length can lead to a finite torque 
on the particle whereas a variable stresslet per unit length, which occurs when the particle cross-
section varies along the longitudinal direction, can lead to a finite force acting on the particle of 
O(𝜖2/𝐴2). A straight circular cylinder with a constant cross-section cannot experience a force per 
unit length at this orientation if the cross-section is circular. In this paper, however, we show that 
a force per unit length due to the velocity gradient does act on a straight cylinder with a general 
cross-sectional shape aligned such that the imposed velocity along its axis is zero. This force per 
unit length, which will be O(𝜖/𝐴) as explained in section 3, can lead to a net force of 𝑂(𝜖/𝐴) 
acting on the particle.  
In this paper, we not only present an elegant way to obtain Batchelor’s correction of O(𝜖2), but 
also derive the additional O(𝜖/𝐴) contribution to the force per unit length that arises because of 
the gradient in the imposed velocity field as explained in section 3. Our calculation is especially 
important when considering motion of force and torque free slender particles in a SSF. In such 
scenarios, Batchelor’s correction tends to zero for certain particle orientations, while Cox’s (1971) 
correction predicts a much smaller effect on the torque on the particle both leading to an incorrect 
qualitative behavior for certain particle geometries such as straight cylinders with elliptic cross-
sections (Yarin, Gottlieb and Roisman 1997) or rings with 3-lobed cross-sections (Singh, Koch 
and Stroock, 2013).  
2. SBT solution for circular cross-section 
In this section, we describe ways to analytically obtain the velocity disturbance created by a 
slender particle, when placed in a fluid moving with a velocity of 𝒖∞ in the absence of the particle. 
This calculation will be utilized for obtaining the effect of the cross-sectional shape in section 3. 
The slenderness parameter or the aspect ratio (𝐴 = 𝑙/(𝑎0)), is defined as the ratio of the half-length 
of the filament (l) and the measure of the radius of the cross-section (𝑎0). The radius of the cross-
section, 𝑎~𝑂(𝑎0), is allowed to vary across the longitudinal direction of the slender body. The 
position vector is denoted by 𝒓 and 𝒓𝒄 denotes the position of the centerline of the slender filament. 
A local coordinate system (𝒆𝒙, 𝒆𝒚, 𝒆𝒛) is chosen based on the tangent (𝒆𝒛), normal (𝒆𝒙) and 
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binormal (𝒆𝒚) to the centerline of the slender body, as shown in figure 1 (a), and is mathematically 
given by 
𝒆𝒛 =
𝜕𝒓𝑪
𝜕𝑠
, 𝒆𝒙 =
𝜕2𝒓𝑪
𝜕𝑠2
, 𝒆𝒚 = 𝒆𝒛 × 𝒆𝒙,       (2.1) 
where “s” denotes the arc length along the centerline. A local polar coordinate system (𝜌-𝜃), as 
shown in figure 1 (a), is defined in the 𝒆𝒙-𝒆𝒚 plane, where 𝜃 is measured from 𝒆𝒙 and 𝜌 is the 
normal distance from the centerline. The far field fluid velocity is denoted by 𝒖∞, which is allowed 
to vary with r. The velocity on the particle surface (𝒓 = 𝒓𝒔) is given by  
𝒖(𝒓 = 𝒓𝒔) = 𝑼 + 𝝎 × 𝒓𝒔 = (𝑼 + 𝝎 × 𝒓𝒄) + 𝝎 × (𝒓 − 𝒓𝒄),    (2.2) 
where 𝑼 and 𝝎 are the particle velocity at the origin (𝒓 = 𝟎) and angular velocity of the particle 
respectively. These definitions are valid for any cross-sectional shape. The rest of this section 
describes the slender body theory solution for a circular cross-section of radius “a”, which is 
allowed to vary along the longitudinal dimension. The force per unit length and all the unknown 
constants in the inner solution are obtained in this section which are required to obtain the value 
of the velocity disturbance due to the perturbed non-circular cross-section.  
2.1 Velocity field in the inner region (𝜌 ≪ 1) 
For high aspect ratios (𝐴 ≫ 1), any curved slender body locally appears as a straight infinite 
cylinder as a first approximation. The velocity field in the inner region is obtained by assuming 
flow over an infinite cylinder. Thus, the flow along and transverse to the cylinder can be solved 
separately. Any coupling between these flows arises due to curvature and finite aspect ratio of the 
particle and leads to algebraic 𝑂(1/𝐴2) corrections to the velocity disturbance (Johnson 1980) 
which are not discussed here. The functional form of the flow in the transverse plane is obtained 
by solving a two-dimensional Stokes flow problem that satisfies the no-slip conditions on the 
particle surface. The far field boundary condition is applied later while asymptotically matching 
the velocity fields from the inner and outer regions to obtain any unknowns. The solution to the 
biharmonic equations (𝛻4𝜓 = 0) is used to obtain the functional form of the velocity field in the 
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plane transverse to the slender dimension. The two-dimensional velocity field can be obtained 
from the definition of the stream function, i.e., 𝑢𝜌 = 𝜌
−1𝑑𝜓/𝑑𝜃 and 𝑢𝜃 = −𝑑𝜓/𝑑𝜌. The solution 
around a circular cross-section of radius “a”, which is allowed to vary with “s”, in terms of the 
stream-function (ψ) in polar coordinates is given by  
𝜓
𝑎
= (
?̃?
𝑎
) + [𝐵 cos(𝜃) + ?̂? sin(𝜃)] [(
𝜌
𝑎
) − (
𝜌
𝑎
)
−1
− 2 ln (
𝜌
𝑎
) (
𝜌
𝑎
)] + [(𝑼 + 𝝎 × 𝒓𝒄). (𝒆𝒙 sin(𝜃) −
𝒆𝒚 cos(𝜃))] [(
𝜌
𝑎
)
−𝟏
+ 2
𝜌
𝑎
ln (
𝜌
𝑎
)] − (𝝎. 𝒆𝒛)𝑎 ln (
𝜌
𝑎
),      (2.3) 
where ?̃? is the stream function that approaches the stream-function value of the imposed flow field 
for 𝜌 ≫ 𝑎, while satisfying the no-slip boundary condition on the particle surface. B and B̂ are 
obtained by matching this velocity field to the one from the outer region and depend on the force 
per unit length acting on the slender body, the imposed flow field and the particle velocities (𝑼 
and 𝝎). The velocity in polar coordinates in the inner region is given by 
𝑢𝜌 =
1
𝜌
𝜕𝜓
𝜕𝜃
=
1
𝜌
𝜕?̃?
𝜕𝜃
+ [−𝐵 sin(𝜃) + ?̂? cos(𝜃)] [1 − (
𝜌
𝑎
)
−2
− 2 ln (
𝜌
𝑎
)] + [(𝑼 + 𝝎 ×
𝒓𝒄). (𝒆𝒙 cos(𝜃) + 𝒆𝒚 sin(𝜃))] [(
𝜌
𝑎
)
−2
+ 2 ln (
𝜌
𝑎
)],      (2.4) 
𝑢𝜃 = −
𝜕𝜓
𝜕𝜌
= −
𝜕?̃?
𝜕𝜌
+ [𝐵 cos(𝜃) + ?̂? sin(𝜃)] [1 − (
𝜌
𝑎
)
−2
+ 2 ln (
𝜌
𝑎
)] + [(𝑼 + 𝝎 ×
𝒓𝒄). (𝒆𝒙 sin(𝜃) − 𝒆𝒚 cos(𝜃))] [(
𝜌
𝑎
)
−2
− 2 − 2 ln (
𝜌
𝑎
)] + 𝝎. 𝒆𝒛𝑎 (
𝜌
𝑎
)
−1
.   (2.5) 
The velocity along the longitudinal direction can be obtained by assuming negligible change in 
pressure along the longitudinal direction (i.e. 𝛻2𝑢𝑧 = 0). The velocity field along a slender 
filament with circular cross-section is given by 
𝑢𝑧 = ?̃?𝑧 + 𝐸 ln (
ρ
a
) + (𝑼 + 𝝎 × 𝒓𝒄). 𝒆𝒛 + (
ρ
a
)
−1
(𝝎. 𝒆𝒙𝑎 sin(θ) − 𝝎. 𝒆𝒚𝑎 cos(θ)),  (2.6) 
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where ?̃?𝑧 is the velocity field that approaches 𝒖∞. 𝒆𝒛 for 𝜌/𝑎 ≫ 1, and satisfies the no-slip 
boundary condition on the particle surface, 𝐸 is obtained by matching the inner region velocity 
field to the outer solution and depends on the imposed flow field, the particle velocities (U and 𝝎) 
and the force per unit length on the filament. The overall error in equations (2.4)-(2.6) is the larger 
of O(1/A2) and the order of errors in B, B̂ and E, determined by matching the inner velocity field 
to the outer solution. 
2.2 Velocity field in the outer region (𝜌 ≫ 𝑎(𝑠)) 
In the outer region, the velocity disturbance due to a slender filament can be approximately 
captured by a suitable choice of Stokeslet distribution along the particle centerline (𝒓𝒄) (Cox, 
1970). A Stokeslet is a point force solution to the Stokes equations. The velocity disturbance 
created by a line of force per unit length is given by  
𝐮(𝒓) ≈ 𝒖∞(𝒓) +
1
8𝜋
∫ 𝑑𝑠′ (
𝑰
|𝒓−𝒓′|
+
(𝒓−𝒓′)(𝒓−𝒓′)
|𝒓−𝒓′|𝟑
 ) . 𝒇(𝒓′)
𝒓𝒄
,     (2.7) 
where r is the point at which the velocity is evaluated, 𝒓’ takes all values along the centerline and 
𝑑𝑠’ is the elemental length along the centerline of the slender body. Equation (2.7) has errors of 
O(1/𝐴2). As 𝒓′ → 𝒓, the integrand in equation (2.7) diverges as ln(𝜌). This diverging part of the 
integral in equation (2.7) can be separated from the rest of the integral as shown by Keller and 
Rubinow (1976) and the resulting equation for 𝜌 ≪ 1 is given by 
𝒖(𝒓) ≈ 𝒖∞(𝒓) −
1
4𝜋
(𝑰 + 𝒆𝒛𝒆𝒛). 𝒇(𝒓) [ln (
𝜌
2
) − ln (
𝑠(1−𝑠)
𝑎(𝑠)
)] −
1
4𝜋
𝒇. 𝒆𝒛𝒆𝒛 +
1
4𝜋
𝒇. 𝒆𝜌𝒆𝜌 +
1
8𝜋
∫ 𝑑𝑠′ [(
𝑰
|𝒓𝒄(𝑠)−𝒓𝒄(𝑠′)|
+
(𝒓𝒄(𝑠)−𝒓𝒄(𝑠
′))(𝒓𝒄(𝑠)−𝒓𝒄(𝑠
′))
|𝒓𝒄(𝑠)−𝒓𝒄(𝑠′)|𝟑
) . 𝒇(𝒓′)  − (
𝑰
|𝑠−𝑠′|
+
𝒆𝒛𝒆𝒛
|𝑠−𝑠′|
) . 𝒇(𝒓) ]
𝒓𝒄
,  (2.8) 
where 𝒆𝜌 is the radial vector in the 𝒆𝒙 − 𝒆𝒚 plane. The integral on the right-hand-side of equation 
(2.8) is shown to have a finite limit by Keller and Rubinow (1976). The ln(𝜌) term in equation 
(2.8), matches the ln(𝜌) of the inner solution in equations (2.4)- (2.6) and also corresponds to the 
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velocity disturbance produced by an infinite cylinder with the same force per unit length at each 
point.  
2.3 Matching region (𝑎 ≪ 𝜌 ≪ 𝑅)  
The velocity produced from the inner solution for 𝜌 ≫ 𝑎, should asymptotically match the 
velocity field from the outer solution for 𝜌 ≪ 𝑅 as the velocity field cannot abruptly change in this 
matching region (i.e. 𝑎 ≪ 𝜌 ≪ 𝑅). Matching the velocity fields from the inner and outer solutions, 
using equations (2.4)-(2.6) and (2.8), leads to an integral equation for the force per unit length 
given by 
𝒇(𝒓)
8𝜋
=
𝜖
2
(𝑰 −
𝒆𝒛𝒆𝒛
2
) . {𝑼 + 𝝎 × 𝒓𝒄 − 𝒖∞(𝒓𝒄) −
1
8𝜋
(𝑰 − 3𝒆𝒛𝒆𝒛). 𝒇(𝒓) −
1
4𝜋
(𝑰 +
𝒆𝒛𝒆𝒛). 𝒇(𝒓) ln (
𝑠(1−𝑠)
𝑎(𝑠)
) +
1
8𝜋
∫ 𝑑𝑠′ [(
𝑰
|𝒓𝒄(𝑠)−𝒓𝒄(𝑠′)|
+
(𝒓𝒄(𝑠)−𝒓𝒄(𝑠
′))(𝒓𝒄(𝑠)−𝒓𝒄(𝑠
′))
|𝒓𝒄(𝑠)−𝒓𝒄(𝑠′)|𝟑
) . 𝒇(𝒓′) − (
𝑰
|𝑠−𝑠′|
+
𝒓𝒄
𝒆𝒛𝒆𝒛
|𝑠−𝑠′|
) . 𝒇(𝒓)]}.           (2.9) 
The velocity field obtained in the inner and outer solution can be asymptotically matched to obtain 
the force per unit length (𝒇) as well as the constants in the inner solution (B, B̂ and E). B̂ and B, 
obtained by matching the velocity in the transverse plane (i.e., 𝑢𝜌or 𝑢𝜃), are given by 
?̂? = (𝑼 + (𝝎 × 𝒓𝒄)). 𝒆𝒙 +
𝑓𝑥
8𝜋
,        (2.10) 
𝐵 = −(𝑼 + (𝝎 × 𝒓𝒄)). 𝒆𝒚 −
𝑓𝑦
8𝜋
,        (2.11) 
while E is obtained by matching the longitudinal velocity field (uz) and is given by 
𝐸 = −
4𝑓𝑧
8𝜋
.           (2.12) 
The leading order force per unit length at O(𝜖) obtained from equation (2.13) is given by 
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𝒇 = 4𝜋𝜖(𝑼 + 𝝎 × 𝒓𝒄 − 𝒖
∞(𝒓𝒄)). (𝑰 −
𝒆𝒛𝒆𝒛
𝟐
) (1 + 𝑂(𝜖)).   (2.13) 
Equation (2.18) suggests that the leading order force per unit length exerted on the particle, i.e.,  
−𝒇, is driven by the motion of the particle relative to the local fluid velocity. This component of 
the force per unit length does not depend on the shape of the cross-section and is present for all 
cross-sections. Equation (2.13) gives a qualitative understanding of the origin of the force per unit 
length, which, to the leading order, is the viscous drag per unit length experienced by an infinite 
cylinder due to its motion relative to the local fluid velocity. The higher order terms in equation 
(2.9) includes the drag due to the relative motion of the particle and the local velocity as well as a 
contribution that comes from the velocity disturbance created by the particle itself. In the next 
section, we obtain an integral equation for the force per unit length that arises due to the gradient 
in the imposed velocity field as well as the disturbance velocity created by 𝒇, both of which depend 
on the details of the cross-sectional shape.  
3. SBT solution for non-circular cross-sections 
In this section we show that a slender filament with a slightly non-circular cross-section will 
generate an 𝑂(𝛼𝜖/𝐴) force per unit length on a filament, where 𝛼 is the perturbation parameter 
that quantifies the degree of non-circularity. Our method also obtains Batchelor’s (1971) correction 
to the force per unit length which is 𝑂(𝛼𝜖2). Most importantly we describe the types of cross-
sectional shape that triggers these contributions. Finally, we demonstrate a strategy to extend our 
perturbation analysis to particles with 𝛼~𝑂(1). 
3.1 Regular perturbation of the inner solution 
A slightly non-circular cross-section can be given by ρ = a(1 + α g(θ)), where 𝛼 ≪ 1, g(θ) 
is a smooth and bounded periodic function of period 2𝜋/𝑁, where N is any positive integer, such 
that max|g(θ)|~O(1). g(𝜃) also cannot be a constant function, as that will just correspond to a 
larger circular cross-section, thereby changing the particle aspect ratio. The inner velocity field 
obtained in section 2 will be modified to satisfy the no slip boundary condition at the particle 
surface, 𝜌 = 𝑎(1 + 𝛼 𝑔(𝜃)). The additional velocity field in transverse plane (𝒆𝒙 − 𝒆𝒚 plane), can 
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be described using a stream function (𝛼 𝜓′), such that 𝜓′~O(1) for 𝜌/𝑎~𝑂(1), that is given by 
an equation of the same form as equation (2.3), but with different constants from those obtained 
for 𝜓. Part of these constants can be obtained by satisfying the no-slip boundary condition at the 
particle surface, 𝜌 = 𝑎(1 + 𝛼 𝑔(𝜃)), while the remaining constants can be obtained by matching 
this velocity field to the one obtained from an outer solution. The terms in 𝜓′ that correspond to a 
decaying velocity field with increasing values of 𝜌/𝑎 can all be obtained by satisfying the no-slip 
boundary conditions at O(𝛼) for the velocity obtained using the stream function (𝜓 + 𝛼𝜓′). These 
constants will depend on 𝑔(𝜃), ?̃?, B, ?̂? and the linear and angular velocity of the particle all of 
which are either known or obtained from the analysis done for a slender filament with a circular 
cross-section in section 2. The terms in 𝜓′ that correspond to a non-decaying velocity field with 
increasing values of 𝜌/𝑎 are (𝜌/𝑎) ln(𝜌/𝑎) and (𝜌/𝑎). Some of the coefficients of the 
(𝜌/𝑎) ln(𝜌/𝑎) terms can be obtained by satisfying the no-slip boundary conditions on the particle 
surface, while the remainder as well as the coefficient of the 𝜌/𝑎 term depends on the additional 
force per unit length acting on the particle due to the deviation of the cross-sectional shape from a 
circle. The terms in the stream function (𝛼 𝜓′), used during the matching process are given by  
𝛼 𝜓′ = 𝛼 [−(𝐶′ 𝑐𝑜𝑠(𝜃) + 𝐷′ 𝑠𝑖𝑛(𝜃)) ((
𝜌
𝑎
) ln (
𝜌
𝑎
)) + (𝐵′ 𝑐𝑜𝑠(𝜃) + ?̂?′ 𝑠𝑖𝑛(𝜃)) ((
𝜌
𝑎
) −
−2 ln (
𝜌
𝑎
) (
𝜌
𝑎
))… ],          (3.1) 
where C’ and D’ are constants that can be obtained by satisfying the no-slip condition on the 
particle surface, 𝜌 = 𝑎(1 + 𝛼𝑔(𝜃)), while 𝐵’ and ?̂?′ are obtained by matching with the outer 
solution and play the same role as B and ?̂? played in the analysis for a circular cross-section. The 
“… ” in equation (3.1) corresponds to the additional terms in the stream-function necessary to 
satisfy the no-slip boundary on the particle surface that do not participate in the matching process. 
The corresponding additional terms in the fluid velocities used in the matching solution are given 
by  
𝛼𝑢𝜌
′ =  𝛼 [(𝐶′ 𝑠𝑖𝑛(𝜃) − 𝐷′ 𝑐𝑜𝑠(𝜃)) (ln (
𝜌
𝑎
)) + (−𝐵′ 𝑠𝑖𝑛(𝜃) + 𝐵′̂ 𝑐𝑜𝑠(𝜃)) (1 − 2 ln (
𝜌
𝑎
))], (3.2) 
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𝛼𝑢𝜃
′ = 𝛼 [(𝐶′ 𝑐𝑜𝑠(𝜃) + 𝐷′ 𝑠𝑖𝑛(𝜃)) (1 + ln (
𝜌
𝑎
)) + (𝐵′ 𝑐𝑜𝑠(𝜃) + 𝐵′̂ 𝑠𝑖𝑛(𝜃)) (1 + 2 ln (
𝜌
𝑎
))]. 
(3.3) 
From equation (3.2) it can be easily seen that 𝐶’ and 𝐷’ do not enter the 𝑢𝜌 boundary condition at 
linear order in 𝛼. 𝐶’ and 𝐷’, which occur in the uθ boundary condition, are given by  
𝐶′ =
1
𝜋
∫ 𝑑𝜃 cos(𝜃) {−
𝑑
𝑑𝛼
(−
𝜕?̃?
𝜕𝜌
|
𝜌=𝑎(1+𝛼 𝑔(𝜃))
)
𝛼=0
+  4 𝑔(𝜃) [−
𝑓𝑥
8𝜋
sin(𝜃) +
𝑓𝑦
8𝜋
cos(𝜃)]}
2𝜋
0
,
 (3.4) 
𝐷′ =
1
𝜋
∫ 𝑑𝜃 sin(𝜃) {−
𝑑
𝑑𝛼
(−
𝜕?̃?
𝜕𝜌
|
𝜌=𝑎(1+𝛼 𝑔(𝜃))
)
𝛼=0
+  4 𝑔(𝜃) [−
𝑓𝑥
8𝜋
sin(𝜃) +
𝑓𝑦
8𝜋
cos(𝜃)]}
2𝜋
0
 .
 (3.5) 
The first term in the integrand of equations (3.4) and (3.5) is of 𝑂(1/𝐴) and is related to the force 
per unit length driven by the gradient in the imposed fluid velocity as will be explained in section 
(3.2). The remainder of the O(𝜖) terms in the integrand of equations (3.4) and (3.5) occur due to 
the velocity disturbance created by the force per unit length of the unperturbed circular cross-
section and are thereby driven by the motion of the particle relative to the local fluid.  
The cross-sectional shapes that affects 𝐶’ and 𝐷’ can be understood if we expand the 
function 𝑔(𝜃) as a Fourier series given by 
𝑔(𝜃) = ∑ 𝑔𝑚 cos(𝑚(𝜃 − 𝜃0𝑚))
∞
𝑚=1 ,     (3.6) 
where coefficients 𝑔𝑚, and 𝜃0𝑚, for m =  1, 2, …, are constants obtained using the orthogonality 
of cos(𝑚(𝜃 − 𝜃0𝑚)). We can sum the effects of the Fourier modes of 𝑔(𝜃) to get the overall effect 
of the shape as we are doing the analysis at linear order in 𝛼. The cross-sectional shape, 𝜌 =
𝑎(1 + 𝛼𝑔𝑚 cos(𝑚𝜃 − 𝑚𝜃0𝑚)), corresponding to the 𝑚
𝑡ℎ Fourier mode has an m-fold rotational 
symmetry and m-lobes where one of the lobes makes an angle of 𝜃0𝑚  with the positive direction 
of 𝒆𝒙. Note that the first Fourier mode only changes the position of the cross-section without 
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distorting the shape at linear order in 𝛼. Thus, particles with only the first Fourier mode can be 
studied using the SBT formalism explained in section two, by redefining the particle centerline so 
that it passes through the new center of the cross-section. The other Fourier modes can affect the 
force per unit length in a non-trivial way. Substituting equation (3.4) in equations (3.2) and (3.3), 
suggests that only the second Fourier mode will affect 𝐶’ and 𝐷’ at O(𝜖) and the cross-sectional 
shape is given by 𝜌 = 𝑎(1 + αg2cos (2𝜃 − 2𝜃02)). This is approximately an ellipse rotated by an 
angle, 𝜃02 and eccentricity of √2𝛼𝑔2 as shown in figure 1 (b). The Fourier modes of a shape that 
affect 𝐶’ and 𝐷’ at 𝑂(1/𝐴) depend on the specific nature of ?̃? as can be seen by substituting 𝜌 =
𝑎(1 + 𝛼𝑔(𝜃)) in the expression for (−𝑑ψ̃/𝑑𝜌).  If the imposed velocity field has terms that scale 
with 𝜌𝑁, for 𝑁 ≥ 1, then the (N − 2)th, (N)th and (N + 2)th Fourier modes of 𝑔(𝜃) will affect C’ 
and D’ (equation (S 4) of supplementary material). If N = 1, which corresponds to a linear imposed 
velocity field, then only the third Fourier mode will affect the O(1/A) term in equations (3.4) and 
(3.5) and the corresponding three-lobed cross-sectional shape is given by 𝜌 = 𝑎(1 + α3cos (3𝜃 −
3𝜃03)) which is shown in figure 1 (c). If the imposed fluid velocity changes on the length scale of 
the particle cross-sectional size, then the contribution of the terms in ?̃? which scale with 𝜌𝑁+1 to 
𝐶’ and 𝐷’ will be O(1/𝐴𝑁), which is algebraically smaller than the contribution to 𝐶’ and 𝐷’ due to 
a linear flow field for 𝑁 ≥ 2. Thus, only the effect of the linear flow field is important at linear 
orders in the perturbation parameter, 𝛼. Therefore, only the third Fourier mode perturbation would 
modify the force per unit length driven by the velocity gradient. In the remainder of the paper we 
therefore focus only on a linear flow field, i.e. ?̃? grows as 𝜌2. In this case, the cross-sectional 
shapes shown in figures 1(b)-(d) can affect the force per unit length due to non-circularity.   
We present thought experiments using two-dimensional Stokes flow problems to gain a 
physical insight into why only the second and the third Fourier mode perturbations to a circle 
change the force per unit length acting on a long cylinder qualitatively. Consider a two-
dimensional obstacle, whose shape is a second Fourier mode perturbation to a circle, that is placed 
in a uniform flow field. This body will experience a lift force, unless the imposed fluid velocity is 
along one of its two axes of symmetries as shown in figure 2 (a). The third and higher Fourier 
mode perturbations to a circle have at least a two-fold rotational symmetry in a two-dimensional 
space. A N-fold rotational symmetry means that the shape looks the same after rotating it by any 
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integer multiple of 2𝜋/𝑁. These cross-sections cannot generate a lift force in a 2-D uniform flow 
along at least two non-colinear directions, 𝒏𝟏 and 𝒏𝟐 as shown in figure 2 (b), due to fore-aft 
symmetry. Thereby such a cross-section should experience no lift for all cross-sectional 
orientations by linear superposition. This is analogous to our result obtained earlier that only 
slender particles with cross-sections with a second Fourier mode perturbation to a circle will 
experience an additional force per unit length.  
(a)`   (b)   
Figure 2. Schematic of thought experiments to intuitively understand the importance of the second 
and third Fourier mode perturbations to a circle. (a) Finite lift on a second Fourier mode 
perturbation of a circle. (b) Zero lift force on a cross-section with a three lobed cross-section which 
is obtained from the third Fourier mode perturbation to a circle. This zero lift is true for the third 
and any higher Fourier mode perturbation to a circle. 
To gain insight into the force per unit length driven by the gradient in the imposed fluid 
velocity, consider a cross-section placed in a general linear flow field. The force acting on a cross-
section in a general linear flow field is equal to the force acting due to the extensional component 
of the flow field. Using symmetry of each Fourier mode and linearity of the flow field, the force 
per unit length, 𝒇, acting on the cross-section can be given by 
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𝒇 = 𝜉1𝑬∞: 𝒏𝒏𝒏 + 𝜉2𝑬∞. 𝒏,      (3.7) 
where n is the orientation along one of the lines of symmetry of the cross-section and  𝑬∞is the 
straining tensor of the linear flow field. 𝒇 should be identical if n is along all the other lines of 
symmetry of the shape. It can be easily shown that 𝜉1 and 𝜉2 are non-zero only for the third Fourier 
mode perturbations to a circle. This implies that at linear order in the perturbation parameter, the 
force per unit length is only affected by the third Fourier mode perturbation to a circle.  
The additional terms in the longitudinal velocity field used during the matching process 
are given by  
𝛼𝑢𝑧
′ = 𝛼𝑒0
′ + 𝛼𝐸′ ln (
𝜌
𝑎
) + ⋯ ,      (3.8) 
where 𝑒0
′  can be obtained from the no-slip boundary condition and 𝐸’ can be determined by 
matching the inner solution to the outer solution in a similar manner to obtaining E. Substituting 
𝜌 = 𝑎(1 + 𝛼𝑔(𝜃)) in equation (2.8), it can be easily shown that there is no term of O(𝛼) which 
does not depend on 𝜃, and therefore 𝑒0
′  is zero for a general 𝑔(𝜃). 
The velocity field in the inner region for a cross-section given by 𝜌 = 𝑎(1 + 𝛼𝑔(𝜃)), 
which could be obtained from equations (2.4)-(2.6), (3.2), (3.3) and (3.8), is given by 
𝒖𝑖
𝑖𝑛𝑛𝑒𝑟 = 𝒖𝑖 + 𝛼𝒖𝑖
′,        (3.9)  
where 𝑖 = {𝜌, 𝜃, z}.  
3.2 Matching the inner and outer velocity field for a slightly circular cross-section 
Due to the linearity of Stokes flow the additional force per unit length that arises from the 
perturbation of the circular cross-section must be of the form (𝛼𝒇′), where |𝒇′|is at most 𝑂(𝜖2). 
The velocity disturbance created by 𝒇′ should also have a form similar to the velocity disturbance 
created by f, i.e.  
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𝒖′(𝒓) ≈ −
1
4𝜋
(𝑰 + 𝒆𝒛𝒆𝒛). 𝒇
′(𝒓) [ln (
𝜌
2
) − ln (
𝑠(1−𝑠)
𝑎(𝑠)
)] −
1
4𝜋
𝒇′. 𝒆𝒛𝒆𝒛 +
1
4𝜋
𝒇′. 𝒆𝜌𝒆𝜌 +
1
8𝜋
∫ 𝑑𝑠′ [(
𝑰
|𝒓𝒄(𝑠)−𝒓𝒄(𝑠′)|
+
(𝒓𝒄(𝑠)−𝒓𝒄(𝑠
′))(𝒓𝒄(𝑠)−𝒓𝒄(𝑠
′))
|𝒓𝒄(𝑠)−𝒓𝒄(𝑠′)|𝟑
) . 𝒇′(𝒓′)  − (
𝑰
|𝑠−𝑠′|
+
𝒆𝒛𝒆𝒛
|𝑠−𝑠′|
) . 𝒇′(𝒓) ]
𝒓𝒄
. (3.10) 
The complete velocity field can be obtained by combining equations (2.8) and (3.10). On matching 
the velocity fields from the inner and outer region, 𝒇′is given by 
𝒇′(𝒓) =
𝜖
2
(𝑰 −
𝒆𝒛𝒆𝒛
2
) . (
𝐶′
2
𝒆𝒚 −
𝐷′
2
𝒆𝒙 −
1
8𝜋
(𝑰 − 3𝒆𝒛𝒆𝒛). 𝒇
′(𝒓) −
1
4𝜋
(𝑰 + 𝒆𝒛𝒆𝒛). 𝒇
′(𝒓) ln (
𝑠(1−𝑠)
𝑎(𝑠)
) +
1
8𝜋
∫ 𝑑𝑠′ [(
𝑰
|𝒓𝒄(𝑠)−𝒓𝒄(𝑠′)|
+
(𝒓𝒄(𝑠)−𝒓𝒄(𝑠
′))(𝒓𝒄(𝑠)−𝒓𝒄(𝑠
′))
|𝒓𝒄(𝑠)−𝒓𝒄(𝑠′)|𝟑
) . 𝒇′(𝒓′) − (
𝑰
|𝑠−𝑠′|
+
𝒆𝒛𝒆𝒛
|𝑠−𝑠′|
) . 𝒇′(𝒓)]
𝒓𝒄
), (3.11) 
𝒇′ can be iteratively obtained with errors of 𝑂(𝜖𝑁+1) or errors of 𝑂(𝜖𝑁/𝐴) if 𝑔2 = 0, where N ≥
2. 𝒇’ does not have a component along the longitudinal direction at linear order in 𝛼. This can be 
understood on matching the 𝑂(𝛼) terms in the inner and outer velocity field in 𝑢𝑧
′ , which results 
in 𝐸’ being identically zero.  
The integral equation for the net force per unit length, 𝒇𝒏𝒆𝒕 = 𝒇 + 𝛼𝒇′ is given by 
(𝒇𝑛𝑒𝑡)
8𝜋
=
𝜖
2
(𝑰 −
𝒆𝒛𝒆𝒛
2
) . {𝑼 + 𝝎 × 𝒓𝒄 − 𝒖∞(𝒓𝒄) + 𝛼 (
𝐶′
2
𝒆𝒚 −
𝐷′
2
𝒆𝒙) −
1
8𝜋
(𝑰 −
3𝒆𝒛𝒆𝒛). (𝒇𝒏𝒆𝒕) −
1
4𝜋
(𝑰 + 𝒆𝒛𝒆𝒛). (𝒇𝒏𝒆𝒕) ln (
𝑠(1−𝑠)
𝑎(𝑠)
) +
1
8𝜋
∫ 𝑑𝑠′ [(
𝑰
|𝒓𝒄(𝑠)−𝒓𝒄(𝑠′)|
+
𝒓𝒄
(𝒓𝒄(𝑠)−𝒓𝒄(𝑠
′))(𝒓𝒄(𝑠)−𝒓𝒄(𝑠
′))
|𝒓𝒄(𝑠)−𝒓𝒄(𝑠′)|𝟑
) . (𝒇𝒏𝒆𝒕(𝒓
′))  − (
𝑰
|𝑠−𝑠′|
+
𝒆𝒛𝒆𝒛
|𝑠−𝑠′|
) . (𝒇𝒏𝒆𝒕(𝒓)) ]} ,    (3.12) 
where 𝐶’ and 𝐷’ can be obtained from equations (3.2) and (3.3) respectively and have contributions 
of order 𝜖 and/or 1/𝐴 depending on the shape of the cross-section. The governing integral equation 
can be completely solved to get the value of the force per unit length correct to O(𝜖𝑁) + O(𝛼𝜖𝑁+1) 
+ O(𝛼𝜖𝑁/A), where N is an integer greater that unity. If we solve for the force per unit length to 
O(𝜖) + O(𝛼𝜖2) + O(𝛼𝜖/A), equation (3.12) simplifies to  
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𝒇 + 𝛼 𝒇′ = 4𝜋𝜇𝜖(𝑼 + 𝝎 × 𝒓𝒄 − 𝒖∞(𝒓𝒄)). (𝑰 −
𝒆𝒛𝒆𝒛
𝟐
) + 2𝜋𝜇𝜖𝛼(−𝐷′𝒆𝒙 + 𝐶
′𝒆𝒚).   (3.13) 
Equation (3.13) suggests that the force per unit length experienced by a slender filament due to 
non-circularity of the cross-section is affected at O(𝛼𝜖2) due to the velocity disturbance of the 
unperturbed circular cross-section and at O(𝛼𝜖/𝐴) due to the gradient in the imposed fluid 
velocity†. 
3.3 Extending the analysis for a general cross-sectional shape (𝛼~𝑂(1)) 
Here, we elucidate a numerical calculation to determine the velocity disturbance by any 
cross-section, which can be used for the outer solution of the SBT. We do this by solving the flow 
past an obstacle with the same shape as the particle cross-section in a two-dimensional domain 
with a size, 𝜌∞, that is much larger than the cross-sectional size (𝜌∞ ≫ 𝑎) as shown in figure 3. In 
this subsection, the fluid viscosity, a measure of the undisturbed fluid velocity far away from the 
obstacle and a length that is of the order of the size of the obstacle are used to non-dimensionalize 
any quantity of interest, such as the force per unit length. 
We choose the apparent hydrodynamic center of resistance (AHCOR1) of the cross-section 
as the center of the computational domain to avoid a solid body rotation at large separations from 
the particle. We define the AHCOR as the point about which zero torque is acting on a two-
dimensional obstacle translating in a domain of size much larger than the obstacle with the outer 
boundary having a zero velocity.  
Consider a stationary obstacle experiencing a force per unit length 𝒇 placed in a fluid with 
an imposed velocity of 𝒖∞. (𝑰 − 𝒆𝒛𝒆𝒛). The velocity field at the outer boundary can be obtained 
from the asymptotic form predicted by SBT according to equations (2.4)-(2.6), (2.10) - (2.12), 
                                                          
1 AHCOR is similar to the hydrodynamic center of resistance for three dimensional particles, which is defined as the 
point about which the torque acting on a body translating in a quiescent fluid is zero (Kim and Karrila, 1991). In a 
two-dimensional Stokes flow the velocity disturbance due to an obstacle grows logarithmically with the domain size 
and therefore a hydrodynamic center of resistance based on the above definition is ill defined. 
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(3.2) and (3.3). This asymptotic form of the imposed fluid velocity in the region 𝜌 ≫ 𝑎 is given 
by  
𝒖 = 𝒖∞. (𝑰 − 𝒆𝒛𝒆𝒛) +
2𝒇
8𝜋
. [− ln (
𝜌
𝑎
) (𝑰 + 𝒆𝒛𝒆𝒛)  + (𝒆𝝆𝒆𝝆 − 0.5(𝑰 − 𝒆𝒛𝒆𝒛)) + 𝑲] + 𝑳, (3.14)    
where K is a second order tensor that depends only on the geometry of the particle cross-section 
and L is a vector that arises due to the gradient of the imposed fluid velocity and therefore depends 
both on the geometry of the particle and ?̃?. The corresponding pressure for this velocity field in 
the region 𝜌 ≫ 𝑎 is given by 
𝑝 =
4
8𝜋𝜌
𝒇. 𝒆𝝆.      (3.15) 
 
Figure 3. Schematic of the two-dimensional domain for the two-dimensional Stokes flow problem  
to obtain 𝑲 and 𝑳. 
In equation (3.14), K and L are to be determined as part of the solution and therefore the velocity 
field at the outer boundary for a given  f and 𝒖∞ cannot be specified a priori. Instead, we simply 
specify the force per unit area acting on the outer boundary which does not depend on 𝑎, K and L. 
The force per unit area acting on the outer boundary 𝜌 = 𝜌∞, obtained from the velocity and 
pressure fields given by equations (3.14) and (3.15) respectively, is given by 
𝒕 = 𝒕∞ −
1
𝜋𝜌∞
𝒇. (𝒆𝝆𝒆𝝆),    (3.16) 
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where 𝒕∞, the force per unit area due to the imposed fluid velocity, can be obtained from the 
velocity field specified by 𝒖∞. (𝑰 − 𝒆𝒛𝒆𝒛).  
 We solve for the velocity field at the outer boundary for a given imposed velocity field 
𝒖∞. (𝑰 − 𝒆𝒛𝒆𝒛), no slip on the obstacle surface and 𝒕 acting on the outer boundary. This velocity 
field is equated to the velocity field given by equation (3.14) to obtain 𝑎, K and L. We suggest 
obtaining 𝑎 and K first for the case with no imposed velocity (i.e. 𝒖∞ = 0) but a finite t and 
thereafter finding L when there is a finite imposed velocity field 𝒖∞. (𝑰 − 𝒆𝒛𝒆𝒛). The final integral 
equation for the force per unit length exerted by a slender filament with an arbitrary cross-section 
is given by 
𝒇(𝒓)
8𝜋
=
𝜖
2
(𝑰 −
𝒆𝒛𝒆𝒛
2
) . {𝑼 + 𝝎 × 𝒓𝒄 − 𝒖∞(𝒓𝒄) +
1
4𝜋
𝒇(𝒓).𝑲 + 𝑳 −
1
8𝜋
(𝑰 − 3𝒆𝒛𝒆𝒛). 𝒇(𝒓) −
1
4𝜋
(𝑰 +
𝒆𝒛𝒆𝒛). 𝒇(𝒓) ln (
𝑠(1−𝑠)
𝑎(𝑠)
) +
1
8𝜋
∫ 𝑑𝑠′ [(
𝑰
|𝒓𝒄(𝑠)−𝒓𝒄(𝑠′)|
+
(𝒓𝒄(𝑠)−𝒓𝒄(𝑠
′))(𝒓𝒄(𝑠)−𝒓𝒄(𝑠
′))
|𝒓𝒄(𝑠)−𝒓𝒄(𝑠′)|𝟑
) . 𝒇(𝒓′) − (
𝑰
|𝑠−𝑠′|
+
𝒓𝒄
𝒆𝒛𝒆𝒛
|𝑠−𝑠′|
) . 𝒇(𝒓)]}.          (3.17) 
Note that 𝑲, is related to the tensor 𝑲𝑩, which Batchelor (1971) mentions in equation (6.1) 
of his paper, by the relation 𝑲𝑩 = 𝑲 + 𝑰 ln(𝑅𝐵/𝑎), where 𝑅𝐵 is such that 2𝜋𝑅𝐵is the perimeter of 
the cross-section. Batchelor (1971) shows that 𝑲𝑩 is a symmetric tensor, which implies that 𝑲 is 
also symmetric. 𝑲𝑩 has three unknowns which we write in terms of 𝑎  and two unknowns in 𝑲. 𝑲 
is thereby traceless in addition to being symmetric. We do this as “𝑎” has a physical significance 
of being the radius of the equivalent circle for the cross-section. 
 The equivalent geometry, composed of the second and third Fourier mode perturbations to 
a circle (figure 1 (d)), can be obtained by matching the values of K and L to those obtained from 
SBT which are 𝑲𝑺𝑩𝑻 and 𝑳𝑺𝑩𝑻 respectively. The equivalent geometry can be given by 
𝜌𝑐 = 𝑎(1 + 𝛼2 cos(2(𝜃 − 𝜃02)) + 𝛼3 cos(3(𝜃 − 𝜃03))),  (3.18) 
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where 𝛼2 = 𝛼𝑔2 and 𝛼3 = 𝛼𝑔3 as per equation (3.6). a is obtained directly as part of the numerical 
solution. 𝑲𝑆𝐵𝑇 obtained by matching the velocity fields in equations (3.15) and (3.9) for 𝜌 ≫ 𝑎, is 
given by 
𝑲𝑆𝐵𝑇 = 0.5𝛼2 [
− 𝑐𝑜𝑠(2𝜃02) − 𝑠𝑖𝑛(2𝜃02) 0
− 𝑠𝑖𝑛(2𝜃02) 𝑐𝑜𝑠(2𝜃02) 0
0 0 0
].    (3.19) 
Therefore 𝛼2 = 2√(𝑲: 𝒆𝒙𝒆𝒙)2 + (𝑲: 𝒆𝒙𝒆𝒚)
2
 and 𝜃02 =
1
2
atan (
𝑲:𝒆𝒙𝒆𝒚
𝑲:𝒆𝒙𝒆𝒙
). The components of 𝑳𝑆𝐵𝑇 
can be obtained by matching the velocity field in equations (3.9) and (3.15) for 𝜌 ≫ 𝑎 and are 
given by 
𝑳𝑆𝐵𝑇 = 𝛼3 (
1
2𝜋
)∫ 𝑑𝜃
𝑑
𝑑𝛼3
(
𝜕?̃?
𝜕𝜌
|
𝜌=𝜌𝑐
)
𝛼3=0
2𝜋
0
[
𝑐𝑜𝑠(𝜃)
− 𝑠𝑖𝑛(𝜃)
0
].   (3.20) 
?̃? for a general linear flow field is given by 
?̃?
𝑎
= ?̃?0 ((
𝜌
𝑎
)
2
− 2 𝑙𝑜𝑔 (
𝜌
𝑎
)) + (𝑎2 𝑐𝑜𝑠(2𝜃) + ?̂?2 𝑠𝑖𝑛(2𝜃)) [(
𝜌
𝑎
)
2
+ (
𝜌
𝑎
)
−2
− 2],  (3.21) 
where ?̃?0, 𝑎2 and ?̂?2 are constants obtained by matching 𝒆𝒛 × 𝛁?̃? to 𝒖∞. (𝑰 − 𝒆𝒛𝒆𝒛) for ρ ≫ a. 
From equations (3.20)-(3.21) we can show that  𝛼3 = √
(𝑳.𝒆𝒙)2+(𝑳.𝒆𝒚)
2
𝑎2
2+?̂?2
2  and 𝜃02 =
1
2
atan (
𝑲:𝒆𝒙𝒆𝒚
𝑲:𝒆𝒙𝒆𝒙
). 
The equivalent geometry is useful tool to ascertain the features of the cross-sectional shape that 
are most important and conversely can be used to determine the cross-sections that can change the 
force per unit length in a desired manner. 
4. Resistance to motion of a triaxial ellipsoid 
In this section we utilize our theory to obtain the Stokes hydrodynamic resistance tensor of 
triaxial ellipsoids of semi-axis lengths 𝑙1,𝑙2 and 𝑙3, such that 𝑙3 ≫ 𝑙1 > 𝑙2 (3 is the longitudinal 
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direction, 1 is along the long axis of the elliptical cross-section and directions, [1,2,3] form a right-
handed Cartesian coordinate system).  
By symmetry of the shape, the force, F and the torque, T acting on the ellipsoid is given as 
𝑭 = 𝑹𝑭𝑼. 𝑼, 𝑻 = 𝑹𝑳𝝎. 𝝎, where 𝑹𝑭𝑼 and 𝑹𝑳𝝎 are 3 × 3 diagonal matrices that depend only on 
the particle geometry. The values of 𝑹𝑭𝑼 and 𝑹𝑳𝝎 for 𝑙3/𝑙1 ≫ 1 and (𝑙1 − 𝑙2)/𝑙1 ≪ 1 using the 
perturbation analysis in section (3.2) are given by  
𝑹𝑭𝑼 = (8𝜋)
𝜖 (2𝑙3)
2+𝜖
[
 
 
 
 1 −
𝛼2𝜖
2+𝜖
0 0
0 1 +
𝛼2𝜖
2+𝜖
0
0 0
1
2
2+𝜖
2−𝜖]
 
 
 
 
,     (4.1) 
𝑹𝑳𝝎 = (8𝜋)
2𝑙3
3
3
𝜖
2−𝜖
[
 
 
 
 1 +
𝛼2𝜖
2−𝜖
0 0
0 1 −
𝛼2𝜖
2−𝜖
0
0 0
(2−𝜖)
𝜖
(
𝑎
𝑙3
)
2
]
 
 
 
 
,    (4.2) 
where 𝜖 = 1/ ln(2𝑙3/𝑎 ). 𝑎 and 𝛼2 are given by 𝑎 = 0.5(𝑙1 + 𝑙2) and 𝛼2 = (𝑙1 − 𝑙2)/(2𝑙1) for 
(𝑙1 − 𝑙2) ≪ 𝑙1. The results of equations (4.1) and (4.2) match exactly with the values obtained by 
Batchelor (1970) (equations (8.7), (8.8) and (8.10) of his paper. Equation (4.1) suggests that at 
linear orders in 𝛼2, the resistance to translation along the 1-direction decreases such that the 
resistance to translation along the 2-direction increases by the same amount. A similar argument 
holds true for the resistance to rotation along the 1 and 2 directions.  
The numerical procedure presented in section (3.3) can be used to determine 𝑹𝑭𝑼 and 𝑹𝑳𝝎 
for extreme aspect ratio cross-sections with great accuracy. Figure 3 shows the deviation of 𝑹𝑭𝑼 
and 𝑹𝑳𝝎 predicted by our numerical procedure to the exact result for an ellipsoid given by Lamb 
(1932) for a high-aspect ratio elliptical cross-section with 𝑙2/𝑙1 = 0.1. We also show the deviation 
of the SBT for a circular cross-section from the exact result. Our SBT predicts 𝑹𝑭𝑼 and 𝑹𝑳𝝎 better 
than the SBT results for a circular cross-section and has errors of 1%, as long as 𝑙3/𝑙1 ≳ 5. The 
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high level of accuracy shows the applicability of our methodology to accurately predict the 
resistance to motion of slender bodies with arbitrary cross-section. 
𝑹𝑳𝝎 : 𝒆𝟑𝒆𝟑 needs special attention for a straight slender body such as an ellipsoid because 
the force per unit length for a straight slender body cannot generate a torque about its longitudinal 
axis. To obtain the effect on the cross-sectional size on 𝑹𝑳𝝎 : 𝒆𝟑𝒆𝟑, we need to solve a two-
dimensional Stokes flow problem to find the torque per unit length acting on an ellipse with sides 
𝑙1 and 𝑙2 which is rotating with a unit angular velocity along 𝒆𝟑 with the velocity on the outer 
boundary set to zero (see figure 3). We integrate the torque per unit length accounting for the 
variation of the cross-sectional size to attain the total torque on the ellipsoid, and thereby  
𝑹𝑳𝝎 : 𝒆𝟑𝒆𝟑 as depicted in figure 3 (f). 
 (a)  (b)   
 (c)   (d)  
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 (e)  (f)  
Figure 5. Variation of resistances, 𝑹𝑭𝑼 and 𝑹𝑳𝝎, with 𝑙3/𝑙1. (a) – (f) Comparison of the 
deviation of the different components of 𝑹𝑭𝑼 and 𝑹𝑳𝝎 predicted using the current SBT as well 
as the SBT for a circuler cross-section from the exact result of Lamb (1932). The coefficients 
of 𝑹𝑭𝑼 and 𝑹𝑳𝝎 are predicted within 1 % of the exact result using the current theory as long as 
𝑙3/𝑙1 ≳ 5. 
5. Translation of a straight slender body in a simple shear flow (SSF) 
We demonstrate that the translation and rotation of a straight particle qualitatively changes 
depending on its cross-sectional shape. An axisymmetric cylinder rotates periodically (figure 6 
(a)) in one of the orbits depending on its initial orientation and has a zero cross-stream drift relative 
to the fluid velocity at its center of mass. We show that a slender particle translates quasi-
periodically across streamlines with an O(𝛼/𝐴) velocity if it has a three-lobed cross-section shown 
in figure 1 (c). The orientation of longitudinal direction of this particle changes periodically like 
the rotation of a spheroid. We also demonstrate the chaotic rotation and diffusive translation of a 
straight particle with a combination of a two-and-three-lobed cross-section shown in figure 1 (d). 
Such particles flowing through a channel will disperse throughout the cross-section of the channel 
without external stimulus such as hydrodynamic interactions with other particles, fluid inertia, 
turbulence or Brownian motion. We use the half-length of the particle, the shear rate and the fluid 
viscosity to non-dimensionalize variables in this section. 
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(a)   
(b)  
Figure 6. Schematic of the particle shape and the coordinate system used in the calculation. (a) 
Schematic of the slender particle that is longitudinally rectangular or elliptic as given by equation 
(5.2). The cross-section of the particle is given by 𝜌𝑠 = 𝑎(1 + 𝛼 cos(3𝜃)), where 𝜃 is measured 
from 𝒏. 𝒏 is along one of the lines of symmetry of the cross-section,  ?̂? is chosen such that ?̂?. ?̂?∞ =
0 and ?̂? = ?̂? × 𝒑. (b) The fixed reference frame is defined along the flow (?̂?∞), vorticity (?̂?∞) 
and the gradient (?̂?∞) direction of the SSF. The longitudinal direction of the the particle is along 𝒑 
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and a reference vector in the transverse plane is 𝒏. 𝒑, ?̂?∞ and 𝑲 = 𝒑 × ?̂?∞, are used to define the 
Euler angles 𝜃𝐽 , 𝜙, 𝜓. 
5.1. Problem formulation and SBT solution 
The cross-section of the slender particle studied here is a small perturbation to a circle given 
by 
𝜌𝑠 = 𝑎(1 + 𝛼3 cos(3𝜃)),    (5.1) 
where 𝛼3 ≪ 1 is the perturbation parameter and 𝜃 is measured relative to a vector 𝒏 that is along 
one of the lines of symmetry of the particle. Any other perturbation to a circle will not affect 𝐶’ 
and 𝐷’ in equations (3.4) and (3.5) for a SSF, and thereby not affect the force per unit length, at 
linear orders in the perturbation parameter. The second Fourier mode perturbation to a circle 
affects the dipole per unit length thereby influencing the rotational dynamics of the particle, which 
is discussed in section (5.3). 
The size of the cross-section, “𝑎”, is either constant for a cylinder or varies with the position 
along the slender dimension, 𝑠, for a cross-section that is longitudinally elliptic as follows:  
𝑎(𝑠)
𝑎0
= (1 − 𝑠2)0.5     (5.2) 
where “𝑠” is the position along the centerline of the particle, 𝑎0 is the radius of the cross-section 
at 𝑠 = 0. The force per unit length for this body when the cross-section is circular, 𝒇𝐜, (i.e., 𝛼3 =
0) is given by 
𝒇𝒄
8𝜋
=
𝜖𝑼
2(2−𝜖)
(𝑰 +
2−3𝜖
(2+1𝜖)
 (𝑰 − 𝒑𝒑)) −
𝒖𝒔
∞
4(1−𝜖)
(𝑰 +
2−3𝜖
(2−𝜖)
 (𝑰 − 𝒑𝒑)) + (𝝎 × 𝒑) (
𝑠
2−𝜖
) (5.3) 
where 𝑠 is the position along the slender dimension, 𝜖 = 1/ ln(2𝐴), 𝑼 is the linear velocity of the 
particle, 𝛚 is the angular velocity of the particle and 𝒖𝒔
∞ is the velocity of the fluid at the centerline 
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of the particle at the position “𝑠”. The force per unit length for this slender particle with a non-
circular cross-section is given by  
 
𝒇𝑛𝑒𝑡
8𝜋
=
𝒇𝒄
8𝜋
+
𝛼3𝜖
2(2+𝜖)
(−𝐷′ ?̂?  + 𝐶′?̂?),    (5.4 a) 
where 𝐶’ and 𝐷’ are obtained in terms of 𝑼, 𝝎 and 𝒖𝒔
∞from the inner solution as shown in section 
3. ?̂? and ?̂? are two-orthogonal unit vectors in the cross-sectional plane such that ?̂?. ?̂?∞ = 0 and 
?̂? × ?̂? = 𝒑 as shown in figure 6. Similarly, for a cylinder the net force per unit length can be given 
as  
𝒇𝑛𝑒𝑡
8𝜋
=
𝜖(𝑼+𝝎×𝒑 𝑠−𝒖𝒔
∞)
2
(𝑰 −
𝒑𝒑
2
) +
𝛼3𝜖
4
(−𝐷′?̂? + 𝐶′?̂?),  (5.4 b) 
with errors of 𝑂(𝜖2). If the particle is force and torque free, we can obtain the linear (𝑼) and 
angular (𝝎) velocity of the particle. The angular velocity of the particle is not affected by a three-
lobed perturbation of the circular cross-section at leading order in 𝛼3 and thus, this particle rotates 
periodically, like a spheroid shown by Jeffery (1922). For a torque free particle 𝝎 is given by 
𝝎 = 𝝎∞ + 𝜆𝐽(𝒑 × 𝑬. 𝒑),     (5.5 a) 
where 𝜆𝐽 is the rotation parameter of the particle that depends only on its geometry. 𝜆𝐽 for a 
spheroid is given by 
𝜆𝐽 = 1 −
2
𝐴2
,       (5.5 b)  
(Jeffery 1922) and for a cylinder is given by 
𝜆𝐽 = 1 − 0.65
ln(𝐴)
𝐴2
      (5.5 c)  
(Cox 1971). Note that equation (5.5 a) is only valid for a slender body with a cross-sectional shape 
described by equation (5.1) and 𝛼3 ≪ 1.  
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Unlike a spheroid or a circular cylinder, a slender particle with a three lobed cross-section 
drifts across streamlines due to the additional force which acts due to local velocity gradients in 
the fluid. The drift velocity of the particle only has contribution in the plane normal to 𝒑, as the 
𝒇𝒏𝒆𝒕 along 𝒑 is not affected by change in the cross-sectional shape. Thus, the drift velocity of this 
particle takes the form given by  
𝑼𝒑 = 𝑈𝑥?̂? + 𝑈𝑦?̂?,      (5.6) 
where 𝑈𝑥 and 𝑈𝑦 are the components of the drift velocity along ?̂? and ?̂? respectively. 𝑈𝑥 and 𝑈𝑦 
for a cylinder are given by 
𝑈𝑥 = 𝑎0[𝑬∞: ?̂??̂? sin(3𝜃0𝑋) − 0.5 𝑬∞: ?̂??̂? cos(3𝜃0𝑋)],   (5.7a) 
𝑈𝑦 = 𝑎0[ 𝑬∞: ?̂??̂?cos(3𝜃0𝑋) + 0.5 𝑬∞: ?̂??̂? sin(3𝜃0𝑋)],    (5.7b) 
and for a spheroid are given  
𝑈𝑥 =
𝜋
4
𝑎0[𝑬∞: ?̂??̂? sin(3𝜃0𝑋) − 0.5 𝑬∞: ?̂??̂? cos(3𝜃0𝑋)],   (5.8a) 
𝑈𝑦 =
𝜋
4
𝑎0[ 𝑬∞: ?̂??̂?cos(3𝜃0𝑋) + 0.5 𝑬∞: ?̂??̂? sin(3𝜃0𝑋)],    (5.8b) 
where 𝜃0𝑋 is the angle made by ?̂? with 𝒏 and 𝑬∞ is the straining tensor given by 
𝑬∞ =
1
2
(𝜵𝒖∞ + (𝜵𝒖∞)𝑻).       (5.9) 
The drift velocity for the longitudinally elliptic slender particle differs from the drift velocity of a 
cylinder by a factor of 𝜋/4  due to the difference in the integral of ∫ 𝑑𝑠 𝑎(𝑠)
1
−1
 for the two cases. 
The angle 𝜃03 is measured relative to ?̂? as shown in figure 6 (b). Equation (5.5) - (5.8) describe 
the rotational and translational dynamics of the particle in a simple shear flow. It turns out that the 
time period of rotation, (4𝜋/(1 − 𝜆𝐽
2)
0.5
), of a cylinder and a spheroid is within 20% of each other 
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for aspect ratios between 10 and 100. Since the cross-stream drift for both the shapes is similar, 
and only differs by a numerical factor, we only present the results for a straight cylinder in the 
following section. The translation motion for a slender particle that is longitudinally elliptic can 
be appropriately scaled. 
5.2. Quasi-periodic translation of particles 
We describe the motion of the particle shown in figure 4, by tracking the position of the 
center of mass of the particle and the orientation of the particle defined by the Euler angles, 
(𝜃𝐽 , 𝜓, 𝜙), as shown in figure 3. For the purpose of our calculation we allow 𝜙 ∈ [0,2𝜋) and 𝜃𝐽 ∈
[0, 𝜋]. The fixed coordinate system is defined relative to the flow (?̂?∞), vorticity (?̂?∞) and the 
gradient (?̂?∞) direction as shown in figure 4 (b). The orientation of the longitudinal direction of 
the particle is given by 𝒑 = (sin(𝜙) sin(𝜃𝐽) , cos(𝜃𝐽) , cos(𝜙) sin(𝜃𝐽)). The vector 𝑲 =
 (cos(𝜙) , 0, − sin(𝜙)) is normal to both 𝒑 and ?̂?∞. The unit vector 𝒏, that determines the 
orientation of the cross-section relative to the fixed coordinate system, is such that 𝒏. 𝒑 =  0 and 
𝒏.𝑲 = cos (𝜓). Using elementary algebra it can be shown that 𝒏 = (cos(𝜓) cos(𝜙) −
sin(𝜓) sin(𝜙) cos(𝜃𝐽) , sin(𝜓) sin(𝜃𝐽) , − cos(𝜓) sin(𝜙) − sin(𝜓) cos(𝜙) cos(𝜃𝐽)). The vector 
𝒏 can also be obtained in terms of the vectors  ?̂? and  ?̂? and is given by 
𝒏 = cos(𝜃0𝑋) ?̂? − sin(𝜃0𝑋) ?̂?.      (5.10) 
Equation (5.10) can be used to obtain 𝜃0𝑋 in terms of (𝜃𝐽, 𝜙, 𝜓), which determines the drift velocity 
of the particle as per equation (5.7). The unit vectors,  ?̂? and ?̂?, can be obtained in terms of the 
Euler angles using the fact that ?̂?, ?̂? and 𝒑 form an orthogonal pair and ?̂?. ?̂?∞ = 0. Using these 
constraints ?̂? is given by 
?̂? =
1
√cos2(𝜙)+cos2(𝜃) sin2(𝜙) 
[(cos2(𝜙) + sin2(𝜙) cos2(𝜃))?̂?∞ − (sin(𝜙) cos(𝜃) sin(𝜃))?̂?∞ +
(−sin(𝜙) cos(𝜙) + cos(𝜙)sin(𝜙) cos(𝜃))?̂?∞]      (5.11) 
and ?̂? = 𝒑 × ?̂?. The velocity of the particle at any orientation could be obtained in terms of the 
Euler angles by substituting ?̂? and ?̂? in equations (5.8).  
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The time evolution of 𝒑 and 𝒏 is necessary for obtaining the evolution of the Euler angles. 
The time evolution of 𝒑 and 𝒏 are given by 
𝒅𝒑
𝒅𝒕
= 𝝎 × 𝒑,  
𝒅𝒏
𝒅𝒕
= 𝝎 × 𝒏.     (5.12) 
After appropriate substitution, the evolution equation for the Euler angles (𝜙, 𝜃𝐽, 𝜓) is given by 
𝑑𝜙′
𝑑𝑡
=
1
2
(1 + 𝜆𝐽 cos(2𝜙
′)),              (5.13 a) 
𝑑𝜃𝐽
𝑑𝑡
=
1
4
𝜆𝐽 sin(2𝜙
′) sin(2𝜃𝐽),               (5.13 b) 
𝑑𝜓
𝑑𝑡
= −
1
2
𝜆𝐽 cos(𝜃𝐽) cos(2𝜙
′),              (5.13 c) 
where 𝜙′ is such that 𝜙 is the remainder when 𝜙′ is divided by 2𝜋. Equations (5.13 a) and (5.13 
b) can be solved analytically (Jeffery, 1922 and Bretherton 1962 a) to obtain the time variation of 
𝜙 and 𝜃𝐽 that is given by  
tan(𝜙) = tan (𝜙′) =  𝐴𝑒 tan (2𝜋
𝑡
𝑇
+ τ),             (5.14 a) 
tan(𝜃𝐽) =
𝐴𝑒𝐶
√𝐴𝑒
2 cos2(𝜙)+sin2(𝜙)
 ,              (5.14 b) 
where 𝐶 is the orbit constant, τ is the phase angle, 𝑇 =  4𝜋(𝐴𝑒 + 𝐴𝑒
−1) is the period of rotation of 
and 𝐴𝑒 is the effective aspect ratio of the particle defined as 𝐴𝑒 = √(1 + 𝜆𝐽)/(1 − 𝜆𝐽) , λJ being 
the rotation parameter as described in equation (5.5). These equations suggest that particle rotates 
in periodic orbits, known as Jeffery orbits, as shown in figure 6 (a). A slender particle, like a thin 
rod, spends more time such that 𝒑 remains aligned in the flow gradient plane. As 𝜙 → 𝜋/2 and 
𝜃 → 𝜋/2 the particle rotation rate becomes small as per equations (5.13) if 𝜆𝐽 → 1, which holds 
true for slender particles. 
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Equation 5.13 (c) gives the variation of 𝜓 with time. Although 𝜃𝐽 and 𝜙 are periodic, 𝜓 is 
not periodic. Moreover, 𝜓 changes over a timescale of 𝑂((1 + (𝐴𝑒𝐶)
2)0.5) which is varies with 
the orbit constant, C, and contrasts from the constant O(𝐴𝑒) time scale at which 𝜃𝐽 and 𝜙 change. 
This difference leads to multiple back and forth translation of the particle during a single tumbling 
event as shown in figures 5 (b) - (d) for 𝐶~𝑂(1/𝐴𝑒). For a given orbit constant, 𝐶, the particle can 
map out all values of 𝜓 over sufficiently large tumbling events because at the end of each tumbling 
event although 𝜙 comes back to the same point, 𝜓 might not. We shall only focus on the variation 
of 𝜓 with 𝜙′, as 𝜃𝐽 can be uniquely obtained from equation (5.14 b). By appropriate manipulation 
of equation (5.13) and (5.14), 𝜓 can be obtained as a function of 𝜙′ and is given by 
𝑑𝜓
𝑑𝜙′
=
−(𝐴𝑒
2−1)cos(2𝜙′)
((𝐴𝑒
2(1+𝐶2)+1)+(𝐴𝑒
2−1)cos(2𝜙′))
0.5
(𝐴𝑒
2+1+(𝐴𝑒
2−1)cos (2𝜙′))
0.5
.   (5.15) 
Equation (5.15) suggests that 𝑑𝜓/𝑑𝜙′ has a mean component that is non-zero when averaged over 
a single tumbling period corresponding to 2𝜋 increaments in 𝜙′. Thus, an alternate form for 
𝑑𝜓/𝑑𝜙′ can be given by 
𝑑𝜓
𝑑𝜙′
= ⟨
𝑑𝜓
𝑑𝜙′
⟩  + ℎ(𝜙′),      (5.16) 
where ⟨𝑑𝜓/𝑑𝜙′⟩ is the average value of 𝑑𝜓/𝑑𝜙′ over a tumbling period 𝜙′ ∈ [0 2𝜋], and ℎ(𝜙′) 
is the remainder of the term that averages to zero over [0 2π). Integrating equation (5.16) over 
𝜙′ ∈ [0 2𝜋𝑁𝜙], where 𝑁𝜙is an integer, we obtain 
𝜓 = 2𝜋(𝑁𝜓 + 𝛥𝑁𝜓) = ⟨
𝑑𝜓
𝑑𝜙′
⟩ 2𝜋𝑁𝜙,    (5.17) 
where 𝑁𝜓  is also an integer, 0 < 𝛥𝑁𝜓 < 1. Equation (5.17) suggests that there will be no pair 
(𝑁𝜓, 𝑁𝜙) such that 𝛥𝑁𝜓 = 0 if ⟨𝑑𝜓/𝑑𝜙
′⟩ is irrational. In this case the orientation of the particle 
evolves quasi-periodically and the orientation of the particle never retraces the trajectory in (𝜓,𝜙) 
space. This also means that the initial conditions for 𝜙 and 𝜓 will not affect the average properties 
of the system as eventually the whole of (𝜓,𝜙) space will be spanned.  
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A typical trajectory in (𝜓, 𝜙) space is shown in figures 6 (b) - (d). The (𝜓, 𝜙) space gets 
populated with increasing tumbling events as seen in figure 6 (b), (c) and (d). The region near 𝜙 = 
π/2 and 3π/2 is more populated because 𝒑 remains aligned at these orientations for a long time. 
Thereby, the probability of 𝜙 is higher at these locations and the exact probability distribution can 
be obtained from equation (5.13 a). The particle is equally likely to take any value of 𝜓 during a 
tumbling event. The average value of any quantity V, 〈𝑽〉, obtained as the (𝜓, 𝜙) space gets more 
populated, is given by  
〈𝑽〉 = ∫ 𝑑𝜙
2𝜋
0
(
1
2𝜋
) (
𝐴𝑒(1−𝜆)
1+𝜆cos(2𝜙)
)∫ 𝑑𝜓
1
2𝜋
𝑽
2𝜋
0
.     (5.18) 
This average is the same as the mean obtained by integrating over time, which is given by  
〈𝑽〉 = lim
𝑀→∞
1
𝑀𝑇
∫ 𝑑𝑡
𝑀𝑇
0
𝑽,     (5.19) 
where the number of tumbling events, M, should be sufficiently large such that it populates the 
(𝜓, 𝜙) space as shown in figure 4 (d). 〈𝑽〉, only depends on the orbit constant, C and the shape of 
the particle. One could average over all the Jeffery orbits if the probability distribution of the orbit 
constants is known. This distribution of the orbit constants is influenced by secondary effects such 
hydrodynamic interactions between particles (Rahnama, Koch and Shaqfeh 1994) or Brownian 
motion (Leal & Hinch 1971). 
 (a)   (b)  
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(c)    (d)  
Figure 6. Trajectory of the longitudinal orientation of the particle, 𝒑.  (a) Orientational trajectory 
of 𝒑 (𝜆 = 0.98) for various initial conditions specified by the orbit constant, C. (b), (c) and (d): 
Change in (𝜓, 𝜙) 1, 10 and 103 tumbling events respectively for a cylinder with 𝐴 =  20 and 𝐶 =
 0.1. 
Figure 7 (a) and (b) show the position of the particle in the gradient and vorticity direction 
as a function of time which suggest quasi-periodic translation of the particle. The average drift 
velocity of the particle is zero as the probability of being at any 𝜓 for a given 𝜙 is the same as seen 
in figure 6 (d) along with the symmetry of the orbits relative to the SSF. At the end of a tumbling 
event the particle position is slightly displaced from the position at the beginning of the tumbling 
event. The particle drifts back and forth multiple times during each tumbling event, due to the 
difference in time-scales of 𝜓 and 𝜙. The frequency of this to-and-fro motion increases with the 
aspect ratio of the particle and lower values of 𝐶, accompanied by a decrease in the amplitude of 
drifting. The mean square velocity tensor 〈𝑼𝑼〉 can be used to quantify the oscillatory drifting 
motion. Based on the symmetry of the rotational dynamics of the particle and the SSF 〈𝑼𝑼〉 should 
only has the diagonal components. Therefore, we use the root mean square (RMS) velocity of the 
particle, 𝑼𝒅, to quantify this oscillatory translation. 𝑼𝒅 is given by  
𝑼𝒅 = 𝑙𝑖𝑚
𝑁→∞
1
√𝑁𝑇
(√∫ (𝑼. ?̂?∞)
2
𝑑𝑡
𝑁𝑇
0
 ?̂?∞ + √∫ (𝑼. ?̂?∞)
2
𝑑𝑡
𝑁𝑇
0
 ?̂?∞ + √∫ (𝑼. ?̂?∞)
2
𝑑𝑡
𝑁𝑇
0
?̂?∞) . 
 (5.20 a) 
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Figure 7 (c) and (d) show the variation of the RMS velocity of a cylinder with a three-lobed cross-
section along ?̂?∞ and ?̂?∞with the orbit constant, 𝐶, and the aspect ratio of the particle, A. The 
magnitude of the RMS velocity which is 𝑂(𝛼/𝐴) decreases with aspect ratio. A cylinder rotates 
in a SSF, spending more time aligned along an orientation where 𝒑 is perpendicular to the gradient 
direction. The highest contribution to the RMS drift velocity should arise when the particle is along 
this aligned orientation because it spends most of the time in that orientation. We can understand 
the results presented in figures 7 (c) and (d) by considering two extremes namely, the tumbling 
orbit, 𝐶 → ∞, and the log-rolling orbit, 𝐶 → 0. For the log-rolling orbit the particle is symmetric 
about the flow-gradient plane and therefore has no-drift velocity in the vorticity direction as 
evident in figure 7 (d). For 𝐶 = 0,  ?̂? = ?̂?∞ and  ?̂? = ?̂?∞ and this leads to the highest value of 𝑈𝑦 
in comparison to 𝒑 being in a different orbit. Therefore, the drift in the gradient direction is the 
highest when 𝐶 = 0 as seen in figure 7 (c). For the tumbling orbit ?̂? = ?̂?∞, which leads to a smaller 
value of 𝑈𝑥 and is thus responsible for a decrease in the drift velocity in the gradient direction in 
comparison to the log-rolling orbit. 𝑬: ?̂??̂? is zero for the tumbling orbit while it is finite if 𝐶~𝑂(1). 
Therefore, the drift in the vorticity direction, 𝑈𝑦, is also smaller in comparison to the value when 
the particle rotates in an orbit with  𝐶~𝑂(1). Thus, the RMS velocity in the vorticity direction 
peaks at a value of 𝐶~𝑂(1). 
 (a)  (b)  
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(c)  (d)  
Figure 7. Particle position trajectories and RMS velocity variation with particle aspect ratio, 𝐴, 
and the orbit constant, 𝐶. Change in particle position along (a) the gradient direction and (b) the 
vorticity direction with time for rotation along an orbit with C = 1. RMS velocity of the particle in 
(c) the gradient direction and (d) the vorticity direction averaged over 500 tumbling events and 
𝛼3 = 0.1. Solid lines are phase-space integration using equation (5.18), while the symbols are the 
results of the time integration (equation 5.19).  
5.3.Diffusive translation of particles 
We now demonstrate that straight particles with a second and third Fourier mode perturbation 
to a circle, (i.e., 𝜌𝑠 = 𝑎(1 + 𝛼2 cos(2𝜃 − 2𝜃02) + 𝛼3 cos(3𝜃)) as shown in figure 8 (a), rotate 
chaotically and thereby also translate diffusively. We look at a specific example of a particle that 
is longitudinally elliptic (i.e., 𝑎 = 𝑎0(1 − 𝑠
2)0.5) and has 𝜃02 = 0. The second Fourier mode 
perturbation to a circle is like an ellipse for 𝛼2 ≪ 1, and therefore we model its rotational dynamics 
using Jeffery’s (1922) equations for an ellipsoid with semi-major axes equal to unity, 𝑎0(1 + 𝛼2) 
and 𝑎0(1 − 𝛼2). We chose an ellipsoid with semi-major axis lengths of 1, 2/20 and 1/20 which 
was shown to rotate chaotically by Yarin et al. (1997). Using the analysis presented in section 
(3.3), we can show that 𝑎0 = 1.5/20 and 𝛼2 = 0.33.  
The chaotic sea in the Poincare map presented in Yarin et al. (1997) for our particle (figure 6 
(a) of his paper) is reproduced in figure 8 (b). The particle orientation spans the chaotic sea after 
sufficient amount of time. The diffusivity tensor, obtained from the position of the particle, is given 
by 
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𝐷𝑖𝑗 = lim𝑡→∞
𝑑
𝑑𝑡
〈𝑟𝑖(𝑡)𝑟𝑗(𝑡)〉,     (5.21) 
where {𝑖, 𝑗} can take values of {1, 2, 3} representing the flow, vorticity and gradient direction 
respectively. For a particle rotating through the chaotic sea shown in figure 8 (b), we obtain the 
diffusivity for particle trajectories after a time of 100𝑇, where T is the time period of rotation of a 
spheroid of the same aspect ratio, A. The variation of 〈𝑟𝑖𝑟𝑗〉 with time shown in figure 8 (c) suggests 
a diffusive behavior for long times. The diffusivity in the gradient direction is 1.2𝛼3
2/(𝐴2𝑇) and 
0.13𝛼3
2/(𝐴2𝑇) in the vorticity direction. This case is particularly interesting as the particle is self-
dispersive at zero-Reynolds number without Brownian diffusion or inter-particle interactions. If 
the initial condition on the Poincare map lies on one of the quasi-periodic islands, we can expect 
a quasi-periodic rotation and thereby a quasi-periodic translation. This quasi-periodic rotation 
differs from the earlier case in section (5.1), in the sense that 𝜙 and 𝜃 also change quasi-
periodically in addition to 𝜓. Note that a straight cylinder with the same cylinder should also have 
similar dynamics, because the dipole per unit length acting on the particle has the same functional 
form with respect to 𝑠 as an ellipsoid of the same aspect ratio (Cox 1971 and supplementary S 3).  
A straight rod with an L-shaped shown in figure 8 (d) and has a finite value of 𝛼2 and 𝛼3 
thereby rotating and translating chaotically. A straight rod with a Y-shaped cross-section shown in 
figure 8 (e) has a finite value of 𝛼3 while 𝛼2 = 0 and therefore rotates periodically and translates 
quasi-periodically. These rods could be fabricated via multi-step photolithography (Foulds and 
Parameswaran, 2006) or 3D printing (Raney and Lewis 2015) opening a pathway to 
experimentally verify our results. Einarsson et al. (2016) measured the rotational motion of non-
axisymmetric particles formed by connecting multiple micro-rods, which can simulate particles 
with two or three lobed cross-sections. For a general cross-sectional shape, we can estimate the 
parameters 𝛼2 and 𝛼3 using the analysis presented in section (3.3) and thus qualitatively model the 
dynamics of various straight bodies in a SSF. A particle with a cross-section that has an extremely 
small or zero value of 𝛼2 will rotate quasi-periodically (periodically in (𝜃, 𝜙)). Furthermore, the 
orientational dynamics of such a particle at low particle aspect ratio could be doubly periodic 
similar to an equivalent triaxial ellipsoid shown by Hinch and Leal (1979). On the other hand, a 
straight slender particle at high aspect ratios should rotate chaotically if 𝛼2 is sufficiently large. 
Similarly, a particle with a finite value of 𝛼3 should translate with a 𝑂(𝛼3/𝐴) velocity. Such a 
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particle will migrate quasi-periodically if 𝛼2 = 0 and chaotically if 𝛼2~𝑂(1). A slender particle 
can also migrate periodically in a SSF with an 𝑂(1/ ln(2𝐴)) velocity if the particle lacks mirror 
symmetry about a plane normal to 𝒑. This along with the 𝑂(𝛼/𝐴) drift velocity due to the cross-
sectional shape can lead a higher value of the average translation velocity that is 𝑂(1/ ln(2𝐴)). 
The results presented here demonstrate the nature of cross-sectional shapes that can be used to 
control the rotational and translational dynamics of straight particles in a SSF.  
 
(a)  
(b)  (c)  
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(d)  (e)  
 Figure 8. Shape and dynamics of particles. (a) Representative shape that can rotate and translate 
chaotically in a SSF. (b) Poincare map for a shape in (a) with 𝛼03 = 0.1, 𝛼02 = 0.33,  𝑎 = 1.5/20 
that shows the chaotic sea. The closed loops represent trajectories in which (𝜙, 𝜃𝐽 , 𝜓) change 
quasi-periodically. A detailed Poincare map can be seen in figure 6 (a) of Yarin et al. (1997). (c) 
Variation of 〈𝑟𝑖(𝑡)𝑟𝑗(𝑡)〉 with the time, suggests a diffusive behavior of the particle position. (d) A 
straight rod with an L-shaped, which can rotate chaotically and migrate diffusively. (e) A straight 
rod with a Y-shaped cross-section that can rotate periodically and translate quasi-periodically. 
These particles can be fabricated using photolithography (Foulds and Parameswaran 2006) or 3D 
printing (Raney and Lewis 2015). 
6. Motion of rings with slightly non-circular cross-section in a simple shear flow (SSF) 
In this section, we show a way to alter the rotational and translational dynamics of rings in 
a simple shear flow (SSF) by controlling the shape of the cross-section. We demonstrate that the 
orientation of the ring can rotate in periodic trajectories or attain an equilibrium orientation by 
appropriate choice of the cross-sectional shape. Rings that attain an equilibrium orientation can 
drift indefinitely in the gradient direction, while rings that rotate periodically can also drift 
periodically with no net migration over time. The slender body theory formulation explained here, 
could also act as a model to obtain the structure and rheology of a suspension of rings by simulating 
multi-particle interactions. Here, the length is non-dimensionalized using the radius of the ring R. 
The shear rate of the SSF, and the viscosity of the fluid, are used to non-dimensionalize other 
quantities of interest such as the force per unit length, the linear and angular velocity of the particle.  
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6.1 Coordinate system 
The global coordinate system is defined along the flow (?̂?∞), the vorticity (?̂?∞) and the 
gradient (?̂?∞) directions of a SSF as shown in figure 9. The coordinate system relative to the 
particle is defined along the axis of symmetry, 𝒑, a vector 𝒏 = (𝑰 − 𝒑𝒑). ?̂?∞ and a vector 𝒃 =
𝒑 × 𝒏. The local coordinate system (𝒆𝒙, 𝒆𝒚, 𝒆𝒛), is defined such that 𝒆𝒚 = 𝒑, 𝒆𝒛 is tangent to the 
centerline of the ring cross-section, 𝒓𝒄, and 𝒆𝒙 = 𝒆𝒚 × 𝒆𝒛 (normal to the centerline of the ring 
cross-section). Here, 𝒓𝒄 is a unit vector from the center of mass of the ring to the centerline of the 
ring cross-section. The center of the cross-section is chosen as the apparent hydrodynamic center 
of the cross-section, described in section (3.3). The azimuthal angle, 𝜙, which is measured from 𝒏 
in the plane of the ring (i.e., 𝒏 − 𝒃 plane) determines the position along the centerline of the ring 
cross-section. A local polar coordinate system (𝜌-𝜃) is defined in the 𝒆𝒙-𝒆𝒚 plane, where 𝜃 is 
measured from 𝒆𝒙 and 𝜌 is the normal distance from 𝒓𝒄. The aspect ratio of the ring, A = 1/a, 
where a is the radius of the unperturbed circular cross-section.  
 
 
Figure 9. Geometry of a ring-shaped particle and the four coordinate systems, namely the global 
coordinate system (?̂?∞, ?̂?∞, ?̂?∞), the particle coordinate system (𝒏, 𝒃, 𝒑), the local Cartesian 
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coordinate system (𝒆𝒙, 𝒆𝒚, 𝒆𝒛) and the local polar coordinate system (𝜌, 𝜃) in the cross-section 
plane. 
6.2 Force per unit length 
The force per unit length acting on a ring with a non-circular cross-section, given by 𝜌 =
𝑎(1 + 𝛼𝑔(𝜃)), is given by equation (3.12) in which C’ and D’ can be obtained using equation 
(3.4) and (3.5) respectively. The stream-function ?̃?, required in equations (3.4) and (3.5), for a 
SSF, is given by  
?̃? =  ?̃?0 ((
𝜌
𝑎
)
2
− 2 ln (
𝜌
𝑎
)) + (𝑎2 cos(2𝜃) + ?̂?2 sin(2𝜃)) ((
𝜌
𝑎
)
2
+ (
𝜌
𝑎
)
−2
− 2) (6.1) 
where ã0, 𝑎2, and ?̂?2 are constants such that the velocity field produced by ψ̃ approaches the value 
for the SSF for ρ ≫ a. ã0 = 0.25a((γ3 − γ4) cos(ϕ) − γ5 sin(ϕ)), a2 = −0.25a[(γ3 +
γ4) cos(ϕ) + γ5 sin(ϕ)], â2 = 0.25a[γ1(1 + cos
2(ϕ)) + γ2 cos(ϕ) sin(ϕ)], where the 
constants 𝛾𝑖, with i ={1, 2, …, 5}, are related to the gradient of the imposed SSF and are given by  
𝛾1 = 𝜵𝒖∞: 𝒏𝒏, 𝛾2 = 𝜵𝒖∞: 𝒏𝒃, 𝛾3 = 𝜵𝒖∞: 𝒏𝒑, 𝛾4 = 𝜵𝒖∞: 𝒑𝒏, 𝛾5 = 𝜵𝒖∞: 𝒑𝒃.   (6.2) 
Thus, C’ and D’ are given by  
𝐶′ =
1
𝜋
∫ 𝑑𝜃 cos(𝜃) 𝑔(𝜃) {8[𝑎2 cos(2𝜃) + â2 sin(2𝜃)] + 4 [−
𝑓𝑥
8𝜋
sin(𝜃) +
𝑓𝑦
8𝜋
cos(𝜃)]}
2𝜋
0
, (6.3) 
𝐷′ =
1
𝜋
∫ 𝑑𝜃 sin(𝜃) 𝑔(𝜃) {8[𝑎2 cos(2𝜃) + â2 sin(2𝜃)] + 4 [−
𝑓𝑥
8𝜋
sin(𝜃) +
𝑓𝑦
8𝜋
cos(𝜃)]}
2𝜋
0
. (6.4) 
The function 𝑔(𝜃), defining the contour of the cross-section, can be written in terms of Fourier 
modes in 𝜃, as shown in section 3. From equations (6.3) and (6.4), it can be easily seen that C’ and 
D’ are only affected for 𝑔(𝜃) = 𝑐𝑜𝑠(2𝜃 − 2𝜃02) and g(θ) = cos (3θ − 3θ03), which are the 
second and the third Fourier modes respectively. For a cross-sectional shape given by 𝜌𝑐 =
𝑎(1 + α2 cos(2θ − 2θ02) + 𝛼3 cos(3θ − 3θ03)), where 𝛼𝑖 ≪ 1 for i = {2, 3}, we have (C2
′ , D2
′ ) 
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and (C3
′ , D3
′ ), similar to  (C′, D′), corresponding to the second and the third Fourier mode 
respectively. (C2
′ , D2
′ ) and (C3
′ , D3
′ )  can be given by 
𝐶2
′ = 2 [−
𝑓𝑥
8𝜋
sin(2𝜃02) +
𝑓𝑦
8𝜋
cos(2𝜃02)],      (6.5 a) 
𝐷2
′ = 2 [
𝑓𝑥
8𝜋
cos(2𝜃02) +
𝑓𝑦
8𝜋
sin(2𝜃02)],     (6.5 b) 
𝐶3
′ = 4[𝑎2 cos(3𝜃03) + ?̂?2 sin(3𝜃03)],      (6.5 c) 
𝐷3
′ = 4[𝑎2 sin(3𝜃03) − ?̂?2 cos(3𝜃03)].      (6.5 d) 
For this cross-sectional shape the force per unit length contribution due to a circular cross-section, 
the second Fourier mode and the third Fourier mode can be obtained from equation (3.12) with 
errors of O(1/𝐴2), O(𝛼2/𝐴
2) and O(𝛼3/𝐴
2) respectively. The integral part of equation (3.12) can 
be solved analytically correct to 𝑂(1/𝐴2) for a ring shape using elliptic integrals (Borker et al. 
(2018) and also see supplementary material S. 4). 
6.3 Translational and rotational dynamics of rings 
The functional form of the angular (𝝎) as well as the drift velocity (𝑼) of a ring-shaped particle 
in an unbounded linear flow field using the linearity of Stokes flow is given by  
𝝎 = 0.5𝝐:𝑾∞ + 𝜆 𝒑 × (𝑬∞. 𝒑),      (6.6) 
where p is the particle orientation and 𝜆 is the rotation parameter (Bretherton (1962) and Jeffery 
(1922)). The rate of change of the particle orientation (?̇?) can be given by  
?̇? = 𝝎 × 𝒑 = 𝒑.𝑾∞ + 𝜆(𝑬∞. 𝒑 − 𝒑𝒑: 𝑬∞ 𝒑)   (6.7) 
The drift velocity of the particle relative to the fluid velocity at its centre-of-mass (COM) takes the 
form given by  
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𝑼 = 𝒖∞(𝒓𝑪𝑶𝑴) + 𝜂1𝑬∞. 𝒑 + 𝜂2(𝒑𝒑𝒑:𝑬∞).   (6.8) 
where 𝜂1 and 𝜂2 are the migration parameters that depend only on the particle geometry (Brenner 
1964; Singh, et al. 2013). The values of the dynamic parameters of the particle, 𝜆, 𝜂1 and 𝜂2 can 
be obtained by applying the force and torque free conditions on the particle which are given by 
∫𝒇𝒏𝒆𝒕(𝜙) 𝑅𝑑𝜙 = 𝟎      (6.9) 
∫(𝒓 − 𝒓𝑪𝑶𝑴) × 𝒇𝒏𝒆𝒕(𝜙) 𝑅𝑑𝜙 = 𝟎     (6.10). 
On solving equations (6.9) and (6.10), 𝜆, 𝜂1 and 𝜂2 are given by  
𝜆 = −1 −
𝛼3 cos(3𝜃03)
𝐴
+
1.5(ln(8𝐴)−1.5)
𝐴2
+ 𝑂 (
𝛼3
2
𝐴
) + 𝑂 (
𝛼2
2
𝐴
) + 𝑂 (
𝛼2𝛼3
𝐴
) + 𝑂 (
𝛼2 ln(𝐴)
𝐴2
) +
𝑂 (
𝛼3 𝑙𝑛(𝐴)
𝐴2
),            (6.11) 
𝜂1 = −
2
3
𝛼3sin(3𝜃03)
𝐴
+ 𝑂 (
𝛼2
2
𝐴
) + 𝑂 (
𝛼3
2
𝐴
) + 𝑂 (
𝛼2𝛼3
𝐴
),      (6.12) 
𝜂2 =
17
12
𝛼3sin(3𝜃03)
𝐴
+ 
𝛼2 sin(2𝜃02)
4 ln(8𝐴)−10
+ 𝑂 (
𝛼2
2
ln(8𝐴)
) + 𝑂 (
𝛼3
2
𝐴
) + 𝑂 (
𝛼2𝛼3
ln(8𝐴)
),.   (6.13) 
The part of the value of λ equal to −1 − α3cos (3θ03)/A, is obtained by applying no torque 
condition using equation (6.11). The O(ln(8A) /A2) term in equation (6.11) is obtained by 
considering the torque on the particle due to the local dipoles per unit length. This additional torque 
can be obtained by computing the stresses from a transverse velocity field obtained from the stream 
function ?̃? in equation (6.1) and a velocity field along 𝒆𝒛 given by  
?̃?𝑧 = (𝑒1 cos(𝜃) + ?̂?1 sin(𝜃)) [(
𝜌
𝑎
) − (
𝜌
𝑎
)
−1
],   (6.14) 
where e1 and ê1 are constants that can be obtained by matching ?̃?𝑧 to 𝒖∞. 𝒆𝒛 for ρ ≫ a. The 
𝑂(ln(8𝐴) /𝐴2) term in equation (6.11) is especially important at low particle aspect ratios and for 
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𝛼3 = 0 ensures the continuous rotation of the ring. 𝜆 obtained from equation (6.11) compares well 
with the numerical values obtained from boundary element method (BEM) described in Borker et 
al. (2018) as shown in figure 10 (a). Figure 10 (a) also shows that 𝜆 for shapes S-1 and S-3 are 
nearly identical and close to the numerical result for α2 = α3 = 0.1. This result also confirms the 
prediction of SBT that at linear order in 𝛼, 𝜆 is only affected by the perturbation to a circle given 
by g(θ) = cos(3θ − 3θ03). The value of η2 also compares well with the numerical values 
obtained from BEM calculations as shown in figure 10 (b). The leading order value of 𝜂2 =
𝛼2𝑅 sin(2𝜃02) /(4 ln(8𝐴)) , obtained by applying no force condition to the force according to 
equation (3.13), is qualitatively similar to the numerical result of the BEM calculations as seen in 
figure 10 (b), but has a significant numerical error. At the end of this section we demonstrate that 
the functional form of the dynamic parameters according to equations (6.11)- (6.13) also works 
well for cross-sectional shapes that deviate significantly from a circle for an appropriate choice of 
the shape parameters (𝑎, 𝛼𝑖, 𝜃0𝑖) obtained from the numerical calculations shown in section (3.3). 
 
(a)   (b)   
Figure 10. Comparison of SBT with the numerical results obtained from BEM calculations (Borker 
et al. 2018). Variation of dynamic parameters (a)  𝜆 and (b) 𝜂2, with aspect ratio, 𝐴 (solid lines), 
and verification with the boundary element method calculations (symbols) (Borker et al. 2018)) 
for shapes shown in figure 1 (b)-(d). The cross-sectional shape is defined as 𝜌𝑐 =
𝑎(1 + 𝛼2 cos(2𝜃 − 2𝜃02) + 𝛼3 cos(3𝜃 − 3𝜃03)). λ for the shape with 𝛼3 = 0 is the same as the 
𝜆 variation for a circular cross-section confirming the validity of equation (6.11). 
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We now describe the time evolution of the orientation and the position of ring-shaped 
particles with different cross-sectional shapes. There are four qualitatively different scenarios 
depending on the cross-section of the ring-shaped particle: (i) continuous periodic tumbling 
without migration, (ii) continuous periodic tumbling with periodic migration, (iii) equilibrium 
orientation without migration and (iv) equilibrium orientation with a net migration in the gradient 
direction of the SSF. Case (i) and (ii) can be studied using traditional SBT formulations of Cox 
(1970) and Batchelor (1970) respectively. The qualitative nature of ring dynamics in cases (iii) 
and (iv) cannot be captured using any of the previously studied SBT formulations to the best of 
our knowledge. 
(a)    (b)   
Figure 11. Orientation trajectories traced by the orientation of ring (𝒑) (a) with a circular cross-
section with an aspect ratio, 𝐴 =  𝑅/𝑎 =  50 and (b) with a three-lobed cross section shown in 
figure 1 (c) with 𝛼3 = 0.3, 𝜃03 = 0 and 𝐴 =  𝑅/𝑎 =  100. This high value of 𝛼 was chosen to 
show sufficient difference between the stable (𝒑𝑺𝑰, 𝒑𝑺𝑰𝑰) and unstable (𝒑𝑼𝑰, 𝒑𝑼𝑰𝑰) nodes. 
A ring with a circular cross-section translates with the fluid velocity at its COM and the 
orientation changes periodically as shown in figure 11 (a). A ring with a cross-section shown in 
figure 1 (b) (S-I) (g(θ) = cos (2θ − 2θ02)), which is approximately elliptic if α2 ≪ 1, will also 
tumble in periodic orbits shown in figure 11 (a). However, it can migrate across-streamlines as it 
lacks fore-aft symmetry (mirror symmetry about a plane normal to p). A typical trajectory traced 
by the center of mass of a ring with an elliptic cross-section is shown in figure 12 (a). The particle 
on an average does not migrate across-streamlines due to the periodic change in its orientation, but 
oscillates periodically. Although the cross-section is non-circular, the particle is still axisymmetric 
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and therefore translates according to equation (6.13). Figure 12 (b) and (c) shows the root mean 
square (RMS) velocity of the ring in the vorticity and gradient direction respectively for 𝛼2 = 0.1 
for an orientation that passes through the point, 𝒑 = 0.127?̂?∞ +  0.635?̂?∞ + 0.762?̂?∞ and 
corresponds to an orbit constant 𝐶 = 2. C = ((𝒑. ?̂?∞)
−2
− 1)
0.5
, where p is the orientation of the 
ring when it crosses the flow-vorticity plane. This orientation was chosen arbitrarily, but 
corresponds to a case where the particle tumbles in an orbit which subtends an O(1) angle with 
?̂?∞, ?̂?∞ and ?̂?∞. The RMS velocity along ?̂?∞ and ?̂?∞ for a ring rotating in a particular orbit is 
obtained by integrating over one tumbling event and is given by 
〈(𝑼. ?̂?∞)
2
〉0.5 = √
1
𝑇
∫ (𝑼. ?̂?∞)
2
𝑑𝑡
𝑇
0
,               (6.15 a) 
〈(𝑼. ?̂?∞)
2
〉0.5 = √
1
𝑇
∫ (𝑼. ?̂?∞)
2
𝑑𝑡
𝑇
0
.                (6.15 b) 
For a finite value of 𝛼2, and 𝛼3 = 0, the drift velocity is equal to 𝜂2𝑬∞: 𝒑𝒑𝒑 according to equations 
(6.12) and (6.13). The maximum drift velocity occurs when θ02 = π/4, corresponding to the 
maximum value of 𝜂2 according to equation (6.13), as seen in figures 9 (b) and (c). This maximum 
also reduces with aspect ratio, which is also evident from the value of η2 according to equation 
(6.13). Figure 12 (d) and (e) show the variation of the drift of the particle along ?̂?∞ and ?̂?∞for 
different initial orientations, based on an orbit constant 𝐶. C decides the orbit traced by the particle 
orientation p, which therefore has a direct influence on the drift velocity according to equation 
(6.8). The values of the drift velocity in the extreme case of C → 0 and C → ∞ can be easily 
understood based on various symmetries in the system. The orientation of a slender ring, 𝒑, 
remains aligned along a certain direction with 𝒑. ?̂?∞ = 0, then quickly flips towards another 
direction which is mirror image of the former aligned direction about the flow-vorticity plane and 
continues this flipping motion indefinitely. The highest contribution to the RMS drift velocity 
therefore arises when the ring is along the aligned orientation. The drift velocity along ?̂?∞ has the 
highest magnitude when 𝒑 is aligned along ±?̂?∞, which corresponds to an orbit with 𝐶 → ∞. 
Therefore, the RMS drift in the gradient direction has a maximum for 𝐶 → ∞ as shown in figure 
12 (e). When C → ∞, p rotates in the flow-gradient plane and the ring is always symmetric about 
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a plane normal to ?̂?∞ (i.e., the flow-gradient plane) and thus the drift along ?̂?∞ is zero, evident in 
figure 12 (d). On the other hand, when 𝒑 is aligned along ?̂?∞ (i.e., 𝐶 → 0) the ring is symmetric 
about a plane normal to ?̂?∞(i.e., the flow-vorticity plane), and thus by the previous argument the 
ring has no drift velocity along ?̂?∞. The drift along ?̂?∞ when 𝒑 = ?̂?∞, is also zero as the direction 
of this drift should change under flow reversal, but symmetry of the particle at this orientation does 
not allow for a change of sign of this drift. Thus, the only feasible solution is a zero-drift velocity 
along ?̂?∞ when 𝐶 → 0. This limit of zero drift velocity along  ?̂?∞ can also be understood from 
equation (6.8). Since the drift velocity along ?̂?∞ is zero for both 𝐶 → 0 and 𝐶 → ∞, we can expect 
a maximum RMS drift velocity at an intermediate value of the orbit constant C. 𝒑. ?̂?∞ 
monotonically increases from 0 to unity as C increases from 0 to ∞ and therefore, the RMS drift 
in the gradient direction should increase smoothly from 0 to a maximum value as seen in figure 12 
(e). The RMS velocity of the particle is important while studying a suspension of rings, as particles 
with higher RMS velocity should collide more frequently and this in turn will affect the rheological 
properties of the suspension. 
(a)  
(b)  (c)  
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(d)    (e)   
Figure 12. Drifting rings with elliptic cross-sections, approximated by S-I shape (figure 1 (b)), that 
rotate periodically as shown in figure 11 (a). (a) Time evolution of the position of the center of 
mass of a ring with S-I shaped cross-section. (b) and (c) Variation of the root-mean square (RMS) 
velocity along ?̂?∞ and ?̂?∞ respectively with A and θ02, for 𝒑 rotating in an orbit that passes 
through 𝒑 = 0.127?̂?∞ +  0.635?̂?∞ + 0.762?̂?∞. (d) and (e) are the variation of RMS velocity 
along ?̂?∞ and ?̂?∞ respectively for particles with 𝐴 =  50 rotating in different orbits. 
A ring with a cross-section shown in figure 1 (c) (S-II shape) shows qualitatively different 
rotational dynamics from a ring with circular or S-I shaped cross-section. Such rings attain an 
equilibrium orientation, as shown in figure 11 (b), instead of rotating continuously. The particle 
orientation, 𝒑, aligns along one of the two stable nodes (𝒑𝑺𝑰, 𝒑𝑺𝑰𝑰) of the system as shown in figure 
11 (b). These stable nodes lie in the flow-gradient plane and are very close to the gradient direction, 
but not exactly along it. This was first shown by Singh et al. (2013) for rings with S-II shaped 
cross-sections with θ03 = 0. Rings with a S-II shape cross-section can in general align for a non-
zero θ03 as evident from equation (6.11), which can be confirmed based on the physical 
explanation of alignment given in Borker et al. (2018). The critical aspect ratio, 𝐴∗, defined as the 
minimum value of A for which 𝜆 < −1, is a quantity of interest as it tells us which cross-sectional 
shapes are most likely to align in a SSF. A lower value of 𝐴∗ would also mean that the ring will be 
less prone to bending and buckling and thus improve the structural integrity of the particle. 𝐴∗is 
obtained from equation (6.11) when 𝜆 = 0 and is the solution to the equation given by 
1
𝐴∗2
(A∗α3 cos(3θ03) − 1.5(ln(8A
∗) − 1.5)) = 0.      (6.16) 
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The value of 𝐴∗ can be evaluated iteratively using equation (6.21). Figure 13 (a) compares the 
prediction of 𝐴∗ from equation (6.16) with the BEM predictions for rings with a cross-section 
given by 𝜌 = 𝑎(1 + 𝛼3 cos(3𝜃 − 3𝜃03)). As the shape becomes highly non-circular the prediction 
of 𝐴∗ deviates significantly from the BEM predictions.  
(a)  
(b)  (c)  
Figure 13. 𝐴∗, 𝒑𝒔 and drift velocity of aligning rings with cross-section S-II and S-III cross-
sections. (b) Variation of the critical aspect ratio, 𝐴∗, vs 𝛼3 for different 𝜃03 using SBT and 
comparing it with BEM results of Borker et al. (2018) for 𝜃03 = 0 and 𝜃03 = 𝜋/12. Variation of 
(b) the angle made by p with ?̂?∞ which equals asin(𝒑. ?̂?∞) and (c) cross-stream drift velocity 
(𝑼. ?̂?∞) with aspect ratio, A, of a ring with cross-section shown in figure 1 (d) (S-III shape), with 
𝛼2 = 0.1, 𝛼3 = 0.1 and 𝜃03 = 0. 
Rings with S-II shaped cross-sections can also migrate across streamline for non-zero 
values of 𝜃03, but the value of the cross-stream drift is smaller by a factor of 1/A than the one 
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obtained with the second Fourier mode perturbation to a circle (i.e., 𝛼2 ≠ 0 and 𝜃02 ≠ 0). Here, 
we only discuss the cross-stream drift associated with an S-III shaped cross-section with θ02 ≠ 0 
and 𝜃03 = 0. A complete discussion on controlling this drift velocity is elaborated in Borker et al. 
(2018), which explains how the fluid pressure allows one to attain an equilibrium orientation as 
well as increase the magnitude of the drift velocity. Since the ring with S-III shaped cross-section 
attains an equilibrium orientation, which is not exactly along ?̂?∞, it can migrate endlessly along 
the gradient direction. There is no drift along the vorticity direction as the particle orientation 
vector aligns in the flow-gradient plane. The drift velocity along the gradient direction is given by 
0.5𝜂2(𝒑𝒔. ?̂?∞)( 𝒑𝒔. ?̂?∞)
2
 for such a particle shape and depends on the equilibrium orientation, 𝒑𝒔. 
The angle made by 𝒑𝒔 with ?̂?∞, also equal to  asin(𝒑𝒔. ?̂?∞), rapidly increases with A, reaches a 
maximum and then slowly decays to zero with further increase in A as shown in figure 13 (b). The 
drift velocity along ?̂?∞ also follows a similar trend as shown in figure 13 (c). The highest drift is 
attained by a shape with 𝜃02 = 𝜋/4, which corresponds to the highest value of 𝜂2.  
In summary, a ring with a cross-sectional shape that has a large contribution to the third 
Fourier mode with 𝜃03 = 0 should align at lower aspect ratios. Ring with a cross-section that has 
a large contribution to the third and the second Fourier mode with 𝜃02 = 0.25𝜋 and 𝜃03 = 0, 
should have the highest cross-stream drift velocity. These conclusions can be verified from the 
results of Borker et al. (2018). The cross-section of the ring that aligned at the least value of 𝐴∗ 
shown in figure 10(a) of Borker et al., (2018) has a stark resemblance to the 3-lobed third Fourier 
mode cross-section. The cross-section which led to the highest drift shown in figure 10 (b) of 
Borker et al. (2018) also has a clear resemblance to a shape which is a combination of the second 
and third Fourier mode with 𝜃02 = 𝜋/4.  
6.4 Dynamics of aligning rings with cross-sections that deviate significantly from a circle 
Rings with a cross-section shown in figure 14 (a) or (b) can align in a SSF at relatively low 
aspect ratios (Borker et al. 2018). These rings are of practical interest due to the ease of fabrication 
using multi-step photolithography (Foulds and Parameswaran, 2006) or optofluidic fabrication 
(Paulson, Di Carlo and Chung 2015), which can allow for testing the rheology of a suspension of 
such particles. Here, we utilize SBT to predict the dynamics of individual particles and compare 
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our results with the numerical predictions obtained using the boundary element method (BEM) 
detailed in Borker et al. (2018). We used COMSOL, a finite element solver, to perform the 2D 
Stokes flow calculation presented in section (3.3). We observed that the size of the outer boundary 
(𝜌∞) should be atleast 50 times the cross-sectional dimension to estimate 𝑲𝑆𝐵𝑇 and 𝑳𝑆𝐵𝑇 with an 
uncertainty of below 0.1 %. Figure 14 (c) shows the variation of 𝜆 with A obtained from the BEM 
calculation and the corresponding SBT prediction for rings with the T-shaped cross-section. On 
performing the numerical analysis presented in section (3.3) we obtain 𝑎 = 1.032, 𝛼3 = 0.045, 
𝜃03 = 0, 𝛼2 = 0.034 and 𝜃02 = 0 as shown in figure 14 (a). According to figure 14 (c) the SBT 
predictions match the BEM results even at low aspect ratios, even though the cross-section is 
deviated significantly from a circle. 𝜂1 and 𝜂2 are zero for this shape because it possesses fore-aft 
symmetry. Figure 14 (d), (e) and (f) show the variation of 𝜆, 𝜂1 and 𝜂2 with 𝐴 obtained from the 
BEM calculation and the corresponding SBT prediction for rings with the L-shaped cross-section. 
On performing the analysis presented in section (3.3) we predict 𝑎 = 0.545, 𝛼2 = 0.153, 𝜃02 =
−𝜋/4, 𝛼3 = 0.149 and 𝜃03 = −𝜋/12. The SBT prediction captures the quantitative variation of 
𝜆 with A even at low aspect ratios. Our SBT is also able to predict 𝜆 in the region near the critical 
aspect ratio as shown in the inset of figures 9 (c) and (d). The force per unit length predicted by 
SBT is also in excellent agreement with the BEM results for both L and T shaped cross-sections 
for 𝐴 ≳ 10 as shown in figure 14 (g)-(h) (𝜙 = 0.2𝜋). This suggests that our slender body theory 
can be used to accurately predict the hydrodynamic interactions between various ring-shaped 
particles, which is important while obtaining the rheology of a suspension of rings.  
(a)  (b)  
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(c)   (d)   
(e)  (f)  
(g)   (h)   
 
Figure 14. Application of current SBT to predict dynamics of rings with cross-sections which 
deviate significantly from a circle. (a) A “T-shaped” and (b) an “L-shaped” cross-section proposed 
in Borker et al. (2018) along with the approximate contour found using analysis presented in 
section 3.3. Rings with these cross-sections (shaded regions) can align in a SSF at finite aspect 
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ratios. The equivalent circle (dotted lines) and the approximate shape (solid line) obtained using 
the second and third Fourier modes using the analysis presented in section 3.3. Comparison of 𝜆 
vs A variation for rings with (c) T-shaped and (d) L-shaped cross-sections with the SBT prediction 
from equation (6.16). Comparison of the variation of (e) 𝜂1 and (f) 𝜂2 with 𝐴 obtained from BEM 
calculations for rings with a L-shaped cross-section with the SBT predictions from equations 
(6.17) - (6.18). Force per unit length variation with 𝐴 at 𝜙 = 0.2𝜋, for a ring with (g) T-shaped 
cross sections and (h) L-shaped cross-sections. Symbols are results from the BEM calculations, 
the solid lines are the corresponding values obtained from the current SBT formulation. 
7. Conclusion 
In this work, a SBT is developed for a thin, curved body with an arbitrary cross-section that 
allows one to solve for the velocity, pressure and force per unit length exerted by the particle on 
the fluid. The derivation is based on asymptotically matching the velocity field of an infinitely 
long cylinder in the inner region to the velocity field due to a line of forces in the outer region. Our 
theory accounts for the force per unit length associated with the gradient in the imposed fluid 
velocity which till date has not been embedded into the SBT formulation. We describe the features 
of the cross-sectional shape that display this qualitatively different force per unit length using 
regular perturbation of the inner solution. A cross-section that has two lobes, three lobes or a linear 
combination of the two (figures 1 (b), (c) and (d) respectively) will change the force per unit length 
by 𝑂(𝜖2) and 𝑂(𝜖/𝐴) respectively. We describe a 2D Stokes flow problem to extend our theory 
to any arbitrary cross-sectional shape. Our perturbation analysis also captures the force per unit 
length driven by the relative velocity of the particle and the fluid for a non-circular cross-section, 
which was first accounted by Batchelor (1970).  
A slender cylinder that has a L-shaped cross-section (figure 8 d) rotates and translates 
chaotically, while a cylinder with a Y-shaped cross-section (figure 8 e) rotates periodically and 
translates quasi-periodically. We also applied our theory to obtain the resistance to translation and 
rotation for a triaxial ellipsoid which compared well with the exact results of Lamb (1932) even 
for high-aspect ratio cross-sections. In this case, our method provides a computationally 
inexpensive alternative to other available methods such as slender ribbon theory (Koens and 
Lauga, 2016) or boundary element method (Youngren & Acrivos, 1975; Kim & Karilla, 1991; 
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Pozrikidis, 2002). Our theory also predicts the dynamics of rings that attain an equilibrium 
orientation in a simple shear flow (SSF). We also illustrated the qualitative nature of shapes that 
demonstrate this behavior, which agrees well with the shapes presented in Singh et al. (2013) and 
Borker et al. (2018). Using specific examples (sections 4 - 6), we showed that our theory accurately 
predicts the force per unit length, even for low aspect ratio slender filaments with cross-sections 
that deviate significantly from a circle. Note that the perturbation analysis described in this paper 
can be extended to Stokes flow with fluid inertia (Khayat and Cox, 1989), potential flow (Lighthill 
1960, 1971) and heat transfer (Beckers et al. 2015). One can use the respective two-dimensional 
problem to obtain the size of the cross-section and the perturbation parameters using a procedure 
similar to the one described in section 3.3.  
The current theory can be used to study the dynamics of straight cylinders in a SSF, which has 
a rich dynamical structure. Our current theory suggests that a slender cylinder with a three-lobed 
cross-section should translate across streamlines of a SSF with a velocity of 𝑂(𝛼/𝐴). We also 
showed diffusive translational behavior of slender particles that rotate chaotically. Only cross-
sections that have a significant contribution to 𝛼2 and 𝛼3 can show the chaotic rotational and 
translational behavior, while a finite contribution to 𝛼3 along with 𝛼2 = 0, will lead to a quasi-
periodic migration of the particle. A particle lacking fore-aft symmetry about a plane normal to its 
longitudinal direction can also migrate with a velocity that is 𝑂(1/ ln(2𝐴)). If it has a cross-section 
with 𝛼3 ≠ 0 and 𝛼2 = 0, then the particle can perform quasiperiodic migration that is 
𝑂(1/ ln(2𝐴)). Furthermore, if the cross-section had 𝛼2~𝑂(1), then the particle should migrate 
chaotically as well. The entanglement of the translational and rotational motion of straight 
cylinders has a rich dynamical structure can be explored using the current SBT formalism along 
with the solution of Cox (1971).  
The force per unit length acting on a ring with non-circular cross-section, presented in section 
5, can be used to simulate hydrodynamic interactions between multiple rings to obtain the structure 
and rheology of a suspension of rings. The particular case of interest is obtaining the rheology of 
rings that can attain an equilibrium orientation in a SSF, which has never been explored. A 
suspension of such aligned rings has a possibility of attaining high degrees of anisotropy due to 
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alignment of all particles in the same orientation, and thereby utilized to manufacture highly 
anisotropic materials.  
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S.1 General form of the velocity field in the inner problem of slender body theory 
The general solution to a 2-D biharmonic equation (∇4𝜓 =  0) for flow in the transverse plane 
of an infinite cylinder such that 𝜌 at the cross-sectional surface is single valued with 𝜃 is given by  
𝜓
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)
2
+ 𝑏0 (
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] sin (𝑛𝜃),        (S 1.1) 
where 𝜓 is the stream function, ?̃?0, 𝑎𝑛, 𝑏𝑛, 𝑐𝑛, 𝑑𝑛, ?̂?𝑛, ?̂?𝑛, ?̂?𝑛 and ?̂?𝑛, for 𝑛 =  0 to ∞, are constants 
(Sadeh, 1967). The two-dimensional velocity field can be obtained from the definition of the 
stream function, i.e., 𝑢𝜌 = 𝜌
−1𝑑𝜓/𝑑𝜃 and 𝑢𝜃 = −𝑑𝜓/𝑑𝜌. 
The velocity along the longitudinal direction can be obtained by assuming negligible 
change in pressure along the longitudinal direction (i.e. 𝛻2𝑢𝑧 = 0). The general solution to this 
harmonic is given by 
𝑢𝑧 = 𝑒0 + 𝑓0 ln (
ρ
a
) + ∑ [𝑒𝑛 (
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] sin (𝑛𝜃),          (S 1.2) 
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where 𝑒0, 𝑒𝑛, 𝑓𝑛, 𝑓𝑛, ?̂?𝑛, for n = 1 to ∞, are constants. 
The general functional form of the terms ?̃?𝑧 and ?̃? in polar coordinates required for doing 
the perturbation analysis and obtaining 𝐶′ and 𝐷′ (equations (3.4) and (3.5)). The form of the terms 
in ?̃?𝑧 can be understood from the general form of the velocity in the longitudinal direction given 
in equation (S 1.2). ?̃?𝑧 needs to be zero at the particle surface and match the imposed flow field 
for 𝜌/𝑎 ≫ 1 and therefore can only have a constant term, and terms of the form, ((𝜌/𝑎)𝑛  −
(𝜌/𝑎)−𝑛 ) cos(𝑛𝜃) and ((𝜌/𝑎)𝑛  − (𝜌/𝑎)−𝑛 ) sin(𝑛𝜃), where n is any positive integer. Likewise, 
the form of ?̃? can be obtained from the general expression for the stream function given in equation 
(S 1.1), such that the corresponding velocity field satisfies the no-slip boundary condition on the 
particle surface (i.e., 𝜕?̃?/𝜕𝜃 = 0 and 𝜕?̃?/𝜕𝜌 = 0 at 𝜌 = 𝑎). The expression for ?̃?𝑧 and ?̃? for a 
general imposed flow field and a circular cross-section are given as 
?̃?𝑧 = ∑ (𝑒𝑛 cos(𝑛𝜃) + ?̂?𝑛 sin(𝑛𝜃)) [(
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]∞𝑛=1 ,  (S 1.3) 
where 𝑒𝑛 and ?̂?𝑛 can be obtained by matching to the imposed velocity field for 𝜌 ≫ 𝑎(𝑠). 
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],  (S 1.4) 
where ?̃?0, 𝑏0, 𝑎1, ?̂?1, 𝑎𝑛, ?̂?𝑛, 𝑏𝑛 and ?̂?𝑛, with 𝑛 ≥ 2 are constants obtained by matching to the 
imposed velocity field for 𝜌 ≫ 𝑎. 
S.2 Effect of the cross-section on the velocity field in the longitudinal direction 
The force per unit length in the longitudinal direction is first affected by the details of the 
cross-section at O(𝜖2𝛼2), which can be seen by substituting 𝜌 = 𝑎(1 + 𝛼𝑔(𝜃)) in equation (S 1.3) 
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and performing the matching with the outer solution at O(𝛼2).  Here the perturbation parameter 
𝛼 ≪ 1, g(θ) is a smooth and bounded periodic function of period 2𝜋/𝑁, where 𝑁 is any positive 
integer, such that max|g(θ)|~O(1). The terms in the inner solution of the longitudinal velocity 
field at 𝑂(𝛼2), which will be matched with an outer solution will have a form given by  
𝛼𝑢𝑧
′ = 𝛼2 (𝑒′0 + 𝐸
′ ln (
𝜌
𝑎
)),  (S 2.1)    
where 𝑢𝑧
′ ~𝑂(1), 𝐸′ is determined, in a manner similar to 𝐸, by matching to an outer velocity field, 
and 𝑒0
′  is determined by satisfying the no-slip boundary condition on the particle surface. From the 
form of the longitudinal velocity field in equation (S 1.3) it can be easily shown that 𝑒0
′ = 0. This 
in turn results in 𝐸′ = 0 and therefore no-effect on the force per unit length in the longitudinal 
direction (i.e. 𝑓𝑧
′ = 0). The terms in the inner solution of the longitudinal velocity field at 𝑂(𝛼2), 
which will be matched with an outer solution will have a form given by  
𝛼2𝑢𝑧
′′ = 𝛼2 (𝑒"0 + 𝐸" ln (
𝜌
𝑎
)),  (S 2.2)    
where 𝑢𝑧
′′~𝑂(1), 𝐸” is determined by matching to an outer velocity field and 𝑒"0 is determined by 
satisfying the no-slip boundary condition on the particle surface. 𝑒"0 can be finite unlike 𝑒0
′  which 
must be zero to satisfy the no-slip boundary condition on the particle surface. On matching with 
an outer velocity field one can easily see that the force per unit length in the longitudinal direction 
due to the perturbation in the cross-sectional shape is of O(𝛼2𝜖2). 
S.3 Dipole per unit length for straight particles 
The angular velocity of a spheroid, from the analysis of Jeffery (1922), in terms of 𝛼2 can be 
given as 
𝜔𝑥 =
𝛾5
𝐴2
+
2𝛼2
𝐴2
(−𝛾5 cos(2𝜃02) + (𝛾3 + 𝛾4) sin(2𝜃02)), 
𝜔𝑦 = 𝛾3 −
𝛾3 + 𝛾4
𝐴2
−
2𝛼2
𝐴2
(𝛾5 sin(2𝜃02) + (𝛾3 + 𝛾4) cos(2𝜃02)), 
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𝜔𝑧 = −
𝛾2
2
+ 𝛼2(𝛾2 cos(2𝜃02) − 𝛾1 sin(2𝜃02)), 
(S 3.1) 
where 𝛾2 = 𝜵𝒖∞: 𝒆𝒚𝒆𝒙, 𝛾3 = 𝜵𝒖∞: 𝒆𝒙𝒆𝒛, 𝛾4 = 𝜵𝒖∞: 𝒆𝒛𝒆𝒙, 𝛾5 = 𝜵𝒖∞: 𝒆𝒛𝒆𝒚. Equation (S 3.1) is 
equivalent to equation (5.5 a) for 𝛼2 = 0 with 𝜆𝐽 = 1 − 2/𝐴
2. The terms of 𝜔𝑦 of O(1) (i.e., 𝛾3) 
arises by applying the torque-free condition due to the torque produced by the force per unit length 
of 𝑂(1/ ln(2𝐴)). 𝜔𝑧 arises purely due to the 𝑂(1/𝐴
2) torque per unit length acting on the particle 
and is obtained directly from the inner solution. The 𝑂(1/𝐴2) terms of 𝜔𝑥 and 𝜔𝑦 can be obtained 
by equating the torque on a rotating particle to the torque due to the 𝑂(1/(𝐴2ln (2𝐴))) force per 
unit length (Cox, 1971). This 𝑂(1/(𝐴2ln (2𝐴))) force per unit length is driven by the torque per 
unit length, 𝒈, at 𝑂(1/𝐴2) and therefore is linear to 𝒈. Cox (1971) shows that the torque due to 
the 𝑂(1/𝐴2) force per unit length and the 𝑂(1/𝐴2) torque per unit length cancel each other out if 
the particle has sharp edges (i.e. 𝑎(±1) = 0). The torque per unit length at 𝑂(1/𝐴2) can be directly 
obtained from the inner solution. The torque per unit length, 𝒈, can be given as 
𝑔𝑥 = 2𝜋𝑎
2(𝛾5 + 𝛼2(−𝛾5 cos(2𝜃02) + (𝛾3 + 𝛾4) sin(2𝜃02))), 
𝑔𝑦 = 2𝜋𝑎
2 (−(γ4 + γ3) − 𝛼2(sin(2𝜃02) (γ5) + cos(2𝜃02) (γ4 + γ3))), 
𝑔𝑧 =  4𝑎
2𝜋 (
𝛾2
2
+ 𝜔𝑧 − 𝛼2(cos(2𝜃02) 𝛾2 − sin(2𝜃02) 𝛾1)). 
(S 3.2) 
𝜔𝑧 can be directly obtained by equating the torque due to the 𝑔𝑧 to zero. The 𝑂(1/𝐴
2) and 
𝑂(𝛼2/𝐴
2) terms in equations (S 3.1) and (S 3.2) clearly have a correlation to each other, which is 
expected as the 𝑂(1/(𝐴2ln (2𝐴))) force per unit length is driven by 𝒈. The analysis to get this 
𝑂(1/(𝐴2ln (2𝐴))) force per unit length is shown by Cox (1971) for a circular cross-section. This 
force per unit length mainly arises due to the variation of the cross-sectional size (i.e., 𝑑𝑎/𝑑𝑠 ≠
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0). One could obtain the angular velocity of the particle for a general shaped cross-section by 
performing a perturbation analysis to the inner solution of Cox (1971). However, for a cylinder 
which has a more practical utility that a spheroid, the ends of the particle lead to a 𝑂(1/𝐴2) torque 
which is of the same order of importance as the torque produced by the 𝑂(1/𝐴2) torque per unit 
length as per equation (S 3.2). Moreover, these two torques do not cancel each other as was the 
case with sharp ended bodies. Cox (1971) shows that equation (S 3.1) can still be used to evaluate 
the angular velocity of a circular cylinder (𝛼2 = 0) if we use the effective aspect ratio 𝐴𝑒 =
1.75𝐴/√ln(𝐴) instead of the aspect ratio 𝐴 of the cylinder. Therefore, the part of 𝝎 due to the 
torque at the ends of the particle has the same functional form as the torque due to 𝒈. We can 
perhaps extend this analogy to cylinder with non-circular cross-sections with 𝛼2 ≠ 0, and utilize 
equation (S 3.1) to obtain the rotational dynamics of a cylinder if we use 𝐴𝑒 instead of the aspect 
ratio of the cylinder. Note that that the time period of rotation of a circular cylinder of aspect ratio, 
A, is within 20% of the value of the time period of rotation of a spheroid of the same aspect ratio, 
for 10 ≤ 𝐴 ≤ 100. Thereby, the rotational dynamics of a particle that is longitudinally elliptic 
might also be close to the dynamics of a cylinder with the same cross-sectional shape. 
S.4 Force per unit length on a slender ring 
For rings with a cross-sectional shape which that does not vary with 𝜙 (in other words, the 
ring is axisymmetric), one can deduce the azimuthal dependence of the force per unit length 𝒇𝒏𝒆𝒕 
if the imposed flow field is linear. This azimuthal dependence can be obtained by using the 
linearity of the Stokes flow equations and the linearity of the imposed SSF as explained in more 
detail in section 3 of Borker, Stroock and Koch (2018). Using the linearity of this system and the 
constraint that 𝒇𝒏𝒆𝒕 must be a real vector, we can argue that 𝒇𝒏𝒆𝒕 must be linear in the relative 
translational velocity 𝑼 = 𝑼𝒑 − 𝒖∞(𝒓𝑪𝑶𝑴) of the particle and the fluid; a relative rotation rate 
𝝎 = 𝝎𝒑 − 𝝐:𝑾∞ of the particle and the fluid, where 𝑾∞ = 𝟎. 𝟓(𝛻𝒖∞ − (𝛻𝒖∞)
𝑻); and a rate of 
strain 𝑬∞ = 𝟎. 𝟓(𝛻𝒖∞ + (𝛻𝒖∞)
𝑻) of the fluid. The azimuthal variation of 𝐟𝐧𝐞𝐭 is given by 
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𝒇𝒏𝒆𝒕 = 𝐶1𝑼 + 𝐶2 𝒑𝒑.𝑼 +  𝐶3 𝒓𝒄𝒓𝒄. 𝑼 + 𝐶4 𝒓𝒄𝒑.𝑼 + 𝐶5 𝒑𝒓𝒄. 𝑼 + 𝐶6(𝒓𝒄 × 𝒑)(𝒓𝒄 × 𝒑).𝑼 + 𝐶7𝝎 × 𝒑
+ 𝐶8𝝎 × 𝒓𝒄 + 𝐶9 (𝒓𝒄 × 𝒑)𝒓𝒄. 𝝎 + 𝐶10(𝒓𝒄 × 𝒑)𝒑.𝝎 + (𝐶11(𝝎 × 𝒑)
+ 𝐶12(𝝎 × 𝒓𝒄)) × (𝒓𝒄 × 𝒑) + 𝐶13(𝝎 × 𝒓𝒄). 𝒑𝒑 + 𝐶14(𝝎 × 𝒑). 𝒓𝒄𝒑 + 𝐶15(𝝎 × 𝒓𝒄). 𝒑𝒓𝒄
+ 𝐶16(𝝎 × 𝒑). 𝒓𝒄𝒓𝒄 + 𝐶17 𝒑𝒑𝒑:𝑬
∞  + 𝐶18 𝒑𝒓𝒄𝒑:𝑬
∞  + 𝐶19 𝒑𝒓𝒄𝒓𝒄: 𝑬
∞  + 𝐶20 𝒑. 𝑬
∞  
+ 𝐶21 𝒓𝒄𝒑𝒑:𝑬
∞ + 𝐶22 𝒓𝒄𝒓𝒄𝒑:𝑬
∞   + 𝐶23 𝒓𝒄𝒓𝒄𝒓𝒄: 𝑬
∞  + 𝐶24 𝒓𝒄. 𝑬
∞  
+ 𝐶25𝒑(𝒓𝒄 × 𝒑): 𝑬
∞(𝒓𝒄 × 𝒑) + 𝐶26 𝒓𝒄(𝒓𝒄 × 𝒑): 𝑬
∞(𝒓𝒄 × 𝒑)
+ 𝐶27(𝒓𝒄 × 𝒑)(𝒓𝒄 × 𝒑): 𝑬
∞𝒑 + 𝐶28(𝒓𝒄 × 𝒑)(𝒓𝒄 × 𝒑): 𝑬
∞𝒓𝒄, 
 (S 4.1) 
where 𝐶1, 𝐶2 … , 𝐶28 are constants which are independent of the azimuthal position and depend only 
on the cross-sectional shape and the radius of the ring. For a general particle orientation 𝒑, equation 
(S 4.1) can be simplified to obtain the azimuthal dependence of the 𝒇𝒏𝒆𝒕 given by 
𝒇𝑛𝑒𝑡. 𝒏 =  𝑓𝑛𝑒𝑡,𝑛0  + 𝑓𝑛𝑒𝑡,𝑛1 cos(𝜙) + 𝑓𝑛𝑒𝑡,𝑛2 cos(2𝜙) + 𝑓𝑛𝑒𝑡,𝑛3 cos(3𝜙)
+ 𝑓𝑛𝑒𝑡,𝑛4 sin(𝜙) + 𝑓𝑛𝑒𝑡,𝑛5 sin(2𝜙) + 𝑓𝑛𝑒𝑡,𝑛6 sin(3𝜙), 
𝒇𝑛𝑒𝑡. 𝒃 =  𝑓𝑛𝑒𝑡,𝑏0  +  𝑓𝑛𝑒𝑡,𝑏1 cos(𝜙) + 𝑓𝑛𝑒𝑡,𝑏2 cos(2𝜙) + 𝑓𝑛𝑒𝑡,𝑏3 cos(3𝜙)
+ 𝑓𝑛𝑒𝑡,𝑏4 sin(𝜙) + 𝑓𝑛𝑒𝑡,𝑏5 sin(2𝜙) + 𝑓𝑛𝑒𝑡,𝑏6 sin(3𝜙), 
𝒇𝑛𝑒𝑡. 𝒑 =  𝑓𝑛𝑒𝑡,𝑝0 + 𝑓𝑛𝑒𝑡,𝑝1 cos(𝜙) + 𝑓𝑛𝑒𝑡,𝑝2 cos(2𝜙) + 𝑓𝑛𝑒𝑡,𝑝3sin(𝜙) + 𝑓𝑛𝑒𝑡,𝑝4 sin(2𝜙), 
(S 4.2) 
where 𝑓𝑛𝑒𝑡,𝑖𝑗, with 𝑖 = {𝑛, 𝑏, 𝑝} and 𝑗 =  {1, 2, … , 6} depend only on the cross-sectional shape 
and the radius of the ring. We can write 𝒇𝒏𝒆𝒕 = 𝒇 + 𝛼2𝒇𝟐
′ + 𝛼3𝒇𝟑
′ , where 𝒇, 𝒇𝟐
′  and 𝒇𝟑
′  is the force 
per unit length due to the unperturbed, the second and the third Fourier mode perturbation to a 
circle respectively. Since the azimuthal variation given by equation (S 4.2) is true for any cross-
sectional shape, both 𝒇, 𝒇𝟐
′  and 𝒇𝟑
′  follow this azimuthal variation with the corresponding constants 
𝑓𝑖𝑗, 𝑓2,𝑖𝑗
′  and 𝑓3,𝑖𝑗
′  respectively, with i ={n,b,p} and j = {1, 2, … , 6}, such that 𝑓𝑛𝑒𝑡,𝑖𝑗 = 𝑓𝑖𝑗 +
𝛼2𝑓2,𝑖𝑗,
′ + 𝛼3𝑓3,𝑖,𝑗
′  . On substituting the azimuthal variation of 𝒇𝒏𝒆𝒕 from equation (S 4.2) and using 
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the fact that 𝑠 = 𝑅𝜙, the integral part of equation (3.12) can be solved without the need solve the 
whole equation iteratively. The constants 𝑓𝑖𝑗, 𝑓2,𝑖𝑗
′  and 𝑓3,𝑖𝑗
′  can be obtained in terms of a small 
parameter, 𝜖𝑅 = 1/ ln(8𝐴). We utilize 𝒇𝒏𝒆𝒕 to obtain the translational and rotational dynamics on 
a force and torque free ring-shaped particle with a non-circular cross-section.  
The constants 𝑓𝑖𝑗, which give the force per unit length for a ring with a circular cross-
section, are given by 
𝑓𝑛0
8𝜋
=
𝑈𝑛𝜖𝑅
8
(3 −
17
2 𝜖𝑅)
(1 −
5
2 𝜖𝑅 − 𝜖𝑅
2)
 
𝑓𝑛1
8𝜋
= −
7𝛾1𝜖𝑅
16
(1 −
16
3 𝜖𝑅 +
1211
180 𝜖𝑅
2)
(1 −
151
30 𝜖𝑅 +
514
90 𝜖𝑅
2) (1 −
5
2 𝜖𝑅)
 
𝑓𝑛2
8𝜋
=
𝑓𝑏5
8𝜋
=
𝑈𝑛𝜖𝑅
8
(1 −
7
2 𝜖𝑅)
(1 −
5
2 𝜖𝑅 − 𝜖𝑅
2)
 
𝑓𝑛3
8𝜋
=
𝑓𝑏6
8𝜋
= −
𝛾1𝜖𝑅
16
(1 −
25
6 𝜖𝑅)
(1 −
151
30 𝜖𝑅 +
514
90 𝜖𝑅)
 
𝑓𝑛4
8𝜋
=
−𝜔𝑝𝜖𝑅
4(𝐿 − 2)
−
5𝛾2𝜖𝑅
16
(1 −
773
150 𝜖𝑅 +
1387
225 𝜖𝑅
2)
(1 −
151
30 𝜖𝑅 +
514
90 𝜖𝑅
2) (1 − 2𝜖𝑅)
 
−
𝑓𝑛5
8𝜋
=
𝑓𝑏2
8𝜋
=
𝑈𝑏𝜖𝑅
8
(1 −
7
2 𝜖𝑅
2)
(1 −
5
2 𝜖𝑅 − 𝜖𝑅
2)
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𝑓𝑛6
8𝜋
= −
𝑓𝑏3
8𝜋
= −
𝛾2𝜖𝑅
16
(1 −
25
6 𝜖𝑅)
(1 −
151
30 𝜖𝑅 +
514
90 𝜖𝑅
2)
 
𝑓𝑏0
8𝜋
=
𝑈𝑏𝜖𝑅
8
(3 −
17
2 𝜖𝑅)
(1 −
5
2 𝜖𝑅 − 𝜖𝑅
2)
 
𝑓𝑏1
8𝜋
=
𝜔𝑝𝜖𝑅
4(𝐿 − 2)
−
𝛾2𝜖𝑅
16
(1 −
507
90 𝜖𝑅 +
718
90 𝜖𝑅
2)
(1 −
151
30 𝜖𝑅 +
514
90 𝜖𝑅
2) (1 − 2𝜖𝑅)
 
𝑓𝑏4
8𝜋
= −
𝛾1𝜖𝑅
16
(1 −
88
30 𝜖𝑅 −
253
180 𝜖𝑅
2)
(1 −
151
30 𝜖𝑅 +
514
90 𝜖𝑅
2) (1 −
5
2 𝜖𝑅)
 
𝑓𝑝0
8𝜋
 =
𝑈𝑝𝜖𝑅
𝜖𝑅 + 2
 
𝑓𝑝1
8𝜋
= −
(𝜔𝑏 + 𝛾4)𝜖𝑅
2 − 3𝜖𝑅
 
𝑓𝑝3
8𝜋
=
(𝜔𝑛 − 𝛾5)𝜖𝑅
2 − 3𝜖𝑅
 
𝑓𝑝2 = 𝑓𝑝4 = 0. 
(S 4.3) 
The force per unit length, 𝒇, obtained in equation (S 4.3) with 𝒖∞ = 0 agrees exactly with the 
expressions for a translating and rotating torus given in Johnson and Wu (1979). The components 
of the force per unit length, 𝒇𝟐
′ , for a non-circular cross-section with the second Fourier mode 
perturbation (i.e. 𝜌 = 𝑎(1 + cos(2𝜃 − 2𝜃02))), are given by 
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𝑓2,𝑛0
′ = −
1
8
(1 − 3𝜖𝑅)
(1 −
5
2 𝜖𝑅 − 𝜖𝑅
2)
(2𝑓𝑝1 sin(2𝜃02) + cos(2𝜃02) (2𝑓𝑛0 + 𝑓𝑛2 + 𝑓𝑏5)) 
𝑓2,𝑛1
′ = −
𝜖𝑅
2
𝑓𝑝0 sin(2𝜃02)
(1 −
5
2 𝜖𝑅)
+
cos(2𝜃02) 𝜖𝑅
2 (1 −
5
2 𝜖𝑅) (1 −
151
30 𝜖𝑅 +
514
90 𝜖𝑅
2)
[−
3
4
𝑓𝑛1 (1 −
481
90
𝜖𝑅 +
1808
270𝜖𝑅
2)
−
𝑓𝑏4
4
(1 −
41
10
𝜖𝑅 +
248
90
𝜖𝑅
2) −
𝑓𝑛3
2
(1 −
52
15
𝜖𝑅) (1 −
5
2
𝜖𝑅)] 
𝑓2,𝑛2
′ = 𝑓2,𝑏5
′ = −
1
8
(1 − 𝜖𝑅)
(1 −
5
2 𝜖𝑅 − 𝜖𝑅
2)
(2𝑓𝑝1 sin(2𝜃02) + cos(2𝜃02) (2𝑓𝑛0 + 𝑓𝑛2 + 𝑓𝑏5)) 
𝑓2,𝑛3
′ = 𝑓2,𝑏6
′ =
cos(2𝜃02) 𝜖𝑅 (1 −
8
3 𝜖𝑅)
1 −
151
30 𝜖𝑅 +
514
90 𝜖𝑅
2
(
−𝑓𝑛1 + 𝑓𝑏4 − 2𝑓𝑛3
8
) 
𝑓2,𝑛4
′ = 𝑓2,𝑏1
′ = −
cos(2𝜃02) 𝜖𝑅 (1 −
52
15 𝜖𝑅)
1 −
151
30 𝜖𝑅 +
514
90 𝜖𝑅
2
(
𝑓𝑏1 + 𝑓𝑛4 + 2𝑓𝑛6
8
) 
𝑓2,𝑛5
′ = −𝑓2,𝑏2
′ =
1
8
(1 − 𝜖𝑅)
(1 −
5
2 𝜖𝑅 − 𝜖𝑅
2)
(2𝑓𝑝1 sin(2𝜃02) + cos(2𝜃02) (2𝑓𝑏0 + 𝑓𝑛5 − 𝑓𝑏2)) 
𝑓2,𝑛6
′ = −𝑓2,𝑏3
′ = −
cos(2𝜃02) 𝜖𝑅 (1 −
8
3 𝜖𝑅)
1 −
151
30 𝜖𝑅 +
514
90 𝜖𝑅
2
(
𝑓𝑏1 + 𝑓𝑛4 + 2𝑓𝑛6
8
) 
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𝑓2,𝑏0
′ = −
1
8
(1 − 3𝜖𝑅)
(1 −
5
2 𝜖𝑅 − 𝜖𝑅
2)
(2𝑓𝑝1 sin(2𝜃02) + cos(2𝜃02) (2𝑓𝑏0 + 𝑓𝑛5 − 𝑓𝑏2)) 
𝑓2,𝑏4
′ = −
𝜖𝑅
2
𝑓𝑝0 sin(2𝜃02)
(1 −
5
2 𝜖𝑅)
+
cos(2𝜃02) 𝜖𝑅
2 (1 −
5
2 𝜖𝑅) (1 −
151
30 𝜖𝑅 +
514
90 𝜖𝑅
2)
[−
1
4
𝑓𝑛1 (1 −
41
10
𝜖𝑅 +
240
90𝜖𝑅
2)
−
3𝑓𝑏4
4
(1 −
151
30
𝜖𝑅 +
1808
270
𝜖𝑅
2) +
𝑓𝑛3
2
(1 −
52
15
𝜖𝑅) (1 −
5
2
𝜖𝑅)] 
𝑓2,𝑝0
′
8𝜋
= 𝜖𝑅
𝑓𝑝0 cos(2𝜃02) − 0.5(𝑓𝑛1 + 𝑓𝑏4) sin(2𝜃02)
2 + 𝜖𝑅
 
𝑓2,𝑝1
′
8𝜋
= 𝜖𝑅
𝑓𝑝1 cos(2𝜃02) − 0.5(2𝑓𝑛0 + 𝑓𝑏5 + 𝑓𝑛2) sin(2𝜃02)
2 − 3𝜖𝑅
 
𝑓2,𝑝2
′
8𝜋
= 𝜖𝑅
−0.5(𝑓𝑛1 − 𝑓𝑏4 + 2𝑓𝑛3) sin(2𝜃02)
2 −
13
3 𝜖𝑅
 
𝑓2,𝑝3
′
8𝜋
= 𝜖𝑅
𝑓𝑝3 cos(2𝜃02) − 0.5(−2𝑓𝑏0 + 𝑓𝑏2 − 𝑓𝑛5) sin(2𝜃02)
2 − 3𝜖𝑅
 
𝑓2,𝑝4
′
8𝜋
= 𝜖𝑅
−0.5(𝑓𝑏1 + 𝑓𝑛4 − 2𝑓𝑏3) sin(2𝜃02)
2 −
13
3 𝜖𝑅
. 
(S 4.4) 
The components of the force per unit length, 𝒇𝟑
′ , for a non-circular cross-section with the third 
Fourier mode perturbation (i.e. 𝜌 = 𝑎(1 + cos(3𝜃 − 3𝜃03))), are given by 
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𝑓3,𝑛0
′
8𝜋
= −
(𝛾3 + 𝛾4)𝑎 sin(3𝜃03) 𝜖𝑅
8
(1 − 3𝜖𝑅)
(1 −
5
2 𝜖𝑅 − 𝜖𝑅
2)
 
𝑓3,𝑛1
′
8𝜋
=
7𝛾1𝑎 cos (3𝜃03)𝜖𝑅
16
1 −
155
30 𝜖𝑅 +
184
30 𝜖𝑅
2
(1 −
151
30 𝜖𝑅 +
514
90 𝜖𝑅
2) (1 −
5
2 𝜖𝑅)
 
 
𝑓3,𝑏0
′
8𝜋
= −
(𝛾5)𝑎 sin(3𝜃03) 𝜖𝑅
8
(1 − 3𝜖𝑅)
(1 −
5
2 𝜖𝑅 − 𝜖𝑅
2)
 
𝑓3,𝑏1
′
8𝜋
=
𝑓3,𝑛4
′
8𝜋
=
𝛾2𝑎 cos (3𝜃03)𝜖𝑅
16
1 −
52
15 𝜖𝑅
(1 −
151
30 𝜖𝑅 +
514
90 𝜖𝑅
2)
 
𝑓3,𝑛2
′
8𝜋
=
𝑓3,𝑏5
′
8𝜋
= −
(𝛾3 + 𝛾4)𝑎 sin(3𝜃03) 𝜖𝑅
8
(1 − 𝜖𝑅)
(1 −
5
2 𝜖𝑅 − 𝜖𝑅
2)
 
𝑓3,𝑏2
′
8𝜋
= −
𝑓3,𝑛5
′
8𝜋
= −
𝛾5𝑎 sin(3𝜃03) 𝜖𝑅
8
1 − 𝜖𝑅
1 −
5
2 𝜖𝑅 − 𝜖𝑅
2
 
𝑓3,𝑛3
′
8𝜋
=
𝑓3,𝑏6
′
8𝜋
=
𝛾1𝑎 cos (3𝜃03)𝜖𝑅
16
1 −
8
3 𝜖𝑅
(1 −
151
30 𝜖𝑅 +
514
90 𝜖𝑅
2)
 
𝑓3,𝑏3
′
8𝜋
= −
𝑓3,𝑛6
′
8𝜋
= −
𝛾2𝑎 cos (3𝜃03)𝜖𝑅
16
1 −
8
3 𝜖𝑅
(1 −
151
30 𝜖𝑅 +
514
90 𝜖𝑅
2)
 
 
70 
 
𝑓3,𝑏4
′
8𝜋
=
5𝛾1𝑎 cos (3𝜃03)𝜖𝑅
16
1 −
727
150 𝜖𝑅 +
768
150 𝜖𝑅
2
(1 −
151
30 𝜖𝑅 +
514
90 𝜖𝑅
2) (1 −
5
2 𝜖𝑅)
 
𝑓3,𝑝0
′ =
3
4
𝛾1𝑎 sin(3𝜃03) 𝜖𝑅
2 + 𝜖𝑅
−
(𝛾3 + 𝛾4)𝑎 sin(3𝜃03) 𝜖𝑅
8
(𝐿 − 3)
(1 −
5
2 𝜖𝑅 − 𝜖𝑅
2)
 
𝑓3,𝑝1
′ = −
(𝛾3 + 𝛾4)𝑎 cos(3𝜃03) 𝜖𝑅
2(2𝐿 − 3)
 
𝑓3,𝑝2
′ =
1
4
𝛾1𝑎 sin(3𝜃03) 𝜖𝑅
2 −
13
3 𝜖𝑅
 
𝑓3,𝑝3
′ = −
𝛾5𝑎 cos(3𝜃03) 𝜖𝑅
2(2 − 3𝜖𝑅)
 
𝑓3,𝑝4
′ =
1
4
𝛾2𝑎 sin(3𝜃03) 𝜖𝑅
2 −
13
3 𝜖𝑅
. 
(S 4.5) 
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